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EXAMPLES OF PLEATING VARIETIES
FOR TWICE PUNCTURED TORI

RAQUEL DIAZ AND CAROLINE SERIES

ABSTRACT. We give an explicit description of some pleating varieties (sets
with a fixed set of bending lines in the convex hull boundary) in the quasi-
Fuchsian space of the twice punctured torus. In accordance with a conjecture
of the second author, we show that their closures intersect Fuchsian space in
the simplices of minima introduced by Kerckhoff. All computations are done
using complex Fenchel-Nielsen coordinates for quasi-Fuchsian space referred
to a maximal system of curves.

1. INTRODUCTION

In a series of papers [9], [10], [I1], [I2] (see also [19]), the second author and
L. Keen have developed the theory of pleating coordinates for quasi-Fuchsian space
for the once-punctured torus: to each representation p in quasi-Fuchsian space QF,
but not in Fuchsian space F, are assigned two projective measured laminations
[pIT], [pl7] and two positive real numbers. The laminations [pl*], [pl”] are the
projective classes of the bending measures of the two components of the boundary
of the convex hull of the hyperbolic manifold represented by p. The real numbers
in question are the lengths of the laminations j([pl*]) and j([pl~]), where j is a
fixed continuous section from PML to ML, the spaces of projective measured
laminations and measured laminations respectively. This gives an embedding from
QF —F into PML?xR?, and the main object of [12] is to give a complete description
of its image. Given two projective measured laminations [u], [v], the pleating plane
Piu),jv) 1s defined to be the subset of QF so that [plT] = [p] and [pl7] = [v]. The
space QF —F is foliated by pleating planes, and it is shown in [IZ] that each pleating
plane is homeomorphic to a connected open set in R? whose closure intersects F in
the Kerckhoff line of minima determined by [u] and [v]. The remaining boundary of
Py,[v in the representation space R is formed by two half-lines (meeting at a single
point) consisting of cusp groups for which one or the other of the two laminations
u,v has zero length. These considerations allow an explicit computation of the
image of the embedding of QF into C? for any given holomorphic coordinates for
R.

It is natural to think about generalizing this theory to quasi-Fuchsian space
for surfaces of higher genus or with more punctures. One would expect QF — F
to be foliated by two-dimensional pleating planes. On trying to carry out this
programme, however, some new difficulties appear. Despite the terminology, it is
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a priori not at all clear that the ‘pleating plane’ P, [, is either connected or a
submanifold, nor where it meets F. It should therefore be instructive to look at
some concrete examples. The simpler cases are the rational pleating planes, that
is, those whose bending measures are supported on a union of closed geodesics. It
turns out to be easier to study pleating varieties rather than pleating planes: given
A=A{a1,...,a,} and B = {B1,...,m} two collections of disjoint, simple, closed
curves on a surface S, the pleating variety associated to A, B is the subset

Pas={p€QF(S)||pl" |=a1U---Uan,|pl” |=B1U---UBn}

(Here |pl* | denotes the support of the lamination pl*.) In [20] it is conjectured
that P4 5 meets F in the simplex of minima S 4 g consisting of the lines of minima
for all pairs of laminations with support A and B respectively, and partial results
are proved. Thus these simplices of minima (see Section [)) also become a natural
object of study.

In this paper we focus on quasi-Fuchsian space for the twice punctured torus,
QF(S12), and study two specific examples. Consider A = {a1, a2}, B = {01, B2},
and D = {f1, 01}, where a1, as is a pair of non-separating, disjoint, simple closed
curves on S = 57 2; (1, B2 is another pair of the same kind such that each [3; inter-
sects each o; exactly once; and finally, d; is a separating curve, disjoint from 3; and
g and intersecting oy twice. Using complex Fenchel-Nielsen coordinates, we ex-
actly locate the simplices of minima S4 5 and S4,p, and the pleating varieties P4 5
and P4 p. We show that the intersection of the closure of these pleating varieties
with F is the closure of the corresponding simplices of minima. These two examples
serve to illustrate a striking distinction between simplices: S 4 5 is non-degenerate,
in the sense that it is a 3-dimensional submanifold of the 4-dimensional space F,
while S4,p is 2-dimensional. Nevertheless, as expected, both pleating varieties have
(real) dimension 4. Our study leads us naturally to find representations for cusp
groups in the boundary of P4 5 and P4p. We also locate some of the adjacent
pleating varieties, and the pleating plane in the interior of P4 5 on which the two
bending angles on «; and as are equal.

Following [20], we know that in general the main necessary condition for a point
p to be in a simplex of minima S4 5 is that the determinant of a certain matrix
of derivatives of length functions vanishes, see Proposition[45] In the special cases
under consideration, we are able to work out explicitly where this occurs. Two
necessary conditions must be imposed to obtain the pleating variety P4 z:

(1) If p € QF, and if a closed geodesic « is contained in the support of pli7
then the complex length \,(p) must be real ([20], Corollary 3.4). Hence, trp(7)
must be real, for all v in 4 and B.

(2) Since the convex hull boundary bounds a convex set in H3, if the bending
measure plT is supported on the union of several closed geodesics {a;}, then the
bending angles on all of these «; must have the same sign.

Conditions (1) and (2) are not in general sufficient to ensure that p € P4 g.
However, they are sufficient if the point p is connected with F by a path along
which (1) and (2) hold. This is the main fact we use.

The paper is organized as follows. Section 2] contains background on Teichmiiller
and quasi-Fuchsian spaces and complex Fenchel-Nielsen coordinates. In Section [3]
we derive explicit formulas for a representation of 71 (S1,2) into PSL(2,C) in terms
of Fenchel-Nielsen coordinates with respect to the pants decomposition {aq, s}
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and dual curves {41, 02}, together with various other formulae for traces which are
useful later. In Section ] we compute the simplices of minima S 5 and S4,p, and
finally in Section[d we compute the pleating varieties P4 5 and P4 p.

Our results depend heavily on computations. We use the hyperboloid model of
hyperbolic space to compute distances and angles in the hyperbolic plane. (Al-
though we study three-dimensional hyperbolic structures, most computations are
done in some hyperbolic plane inside hyperbolic 3-space.) We review all the formu-
lae needed in Section[2:1] The main computation is the one given in Proposition 3.2}
in which we separate the real and imaginary parts of the traces of certain isometries
of H3. The expression obtained is written in terms of (V;,e;), where (-,-) is the
Minkowski inner product and the V; and e; refer to certain points and lines shown
in what we call the Main Figure (Figure 4). We will exploit the geometric meaning
of the Main Figure and use it repeatedly in our arguments throughout the paper.

At the time we were writing this paper we learned that Dragomir Sari¢ had
independently partially worked out some similar examples; this work is unpublished.

2. BACKGROUND

2.1. Hyperbolic geometry and Kleinian groups. To make computations in
the hyperbolic plane we use the hyperboloid model. We refer to [24] for a detailed
description, and describe here only what we need. We consider the vector space
R? with the bilinear form (v,w) = viwy + vewe — vsws. The hyperbolic plane,
H?, is the subset of vectors v with (v,v) = —1 and vz > 0. Hyperbolic lines (i.e.,
geodesics) are given by the intersection of H? with 2-dimensional linear subspaces
of R3. A hyperbolic line, H, determines two closed halfplanes, Ht, H~. Given a
halfplane H~, there is unique vector e with (e,e) = 1 and (e,v) < 0 for allv € H.
The vector e is called the outward unit normal to H~. The inner product of two
vectors which are either points of H? or unitary vectors has a geometric meaning
in terms of distances or angles. If V4, V, € H?, then (Vi, V) = — coshd(Vi, Va),
where d(V7, V2) is the hyperbolic distance between V4 and V2. If H™ is a halfplane
and e its outward unit normal, then (Vi,e) = +sinhd(Vy, H), where d(V;, H) is
the hyperbolic distance between the point Vi and the boundary H of H—, and
the sign is taken negative if the point V; is contained in the halfplane H~, and
positive otherwise. Notice that (Vi,e) = 0 when V; is on the line H. If H; , Hy
are halfspaces with outward unit vectors e1, es, then (e1,es) = —cos@ if Hy, Hy
intersect, where 6 is the angle of intersection of H; , H, . Otherwise, (e, e2) =
+ coshd(H, Hs), where d(Hq, Hs) is the hyperbolic distance between Hy, Hy and
the sign is determined by the relative position of H; and H, : it is positive when
one of the halfplanes contains the other, and negative otherwise.

We consider hyperbolic space H? with a given (standard) orientation. Given an
oriented line L in H?, this orientation determines an orientation in each orthogonal
plane; a loxodromic element of Isom H? with axis L has a well defined complex
translation length, A =1 4+ i¢ € C/2mi. In this paper we make the convention that
[ is positive if the translation is in the direction of L, and negative otherwise. If
L,L’ are two oriented lines in H?, and M their common perpendicular, with an
orientation, then the signed complex distance dp;(L,L’') between L and L’ along
M is the complex translation length of the unique loxodromic element with axis M
that takes L into L’. We note that the real part of the complex distance is the real
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signed distance between L and L', while the imaginary part is the angle from L to
L.

To work with isometries of hyperbolic space it is more convenient to use the
Poincaré halfspace model, where we have the useful description

Isom™H? = PSL(2,C).

If ¢ € PSL(2,C) is a loxodromic element with complex translation length A, rep-
resented by a matrix A € SL(2,C), then we have the relation +tr A = 2 cosh % A
loxodromic element is purely hyperbolic if A € R.

A Kleinian group, T', is a discrete subgroup of PSL(2,C). It acts both on
hyperbolic space H? by orientation-preserving isometries, and on its boundary C=
CUoo by Mébius transformations. The domain of discontinuity of I is the maximal
open subset of C on which T acts properly discontinuously, and the limit set is its
complement. The convex hull C of T is the convex hull in H? of its limit set. Its
boundary, 9C, is a (union of) pleated surface(s) invariant by T', so that dC/T is a
(union of) hyperbolic surface(s). Each component of 9C is bent along bending lines,
which project to a geodesic lamination on the corresponding component of 9C/I'.
This lamination carries a transverse measure, the bending measure. We refer to [4]
and [2] for general background about pleated surfaces.

2.2. Teichmiiller space and quasi-Fuchsian space. Let S = S, ; be an oriented
surface of genus ¢g and b punctures. Let p: m1(S) — PSL(2,R) be a representation
which is discrete, faithful and which maps loops around punctures to parabolics.
Denote by I' the image of p. Then H?/T" is a marked complete hyperbolic surface
with finite area. The Teichmiiller space of S, Teich(S), is the set of such repre-
sentations modulo conjugation by elements of PSL(2,R). It is well known that
Teich(Sy,) is topologically a ball of dimension 6g — 6 + 2b.

More generally, we can consider representations of 71(S) into PSL(2,C). The
representation variety R(S) is the set of such representations up to conjugation by
elements of PSL(2,C). We shall be interested in the quasi-Fuchsian space of S,
denoted QF(S), which is the subset of R(S) consisting of the classes of discrete
and faithful representations whose image is a quasi-Fuchsian group. A Kleinian
group is quasi-Fuchsian if its limit set is a Jordan curve and none of its elements
interchanges the two components of the domain of discontinuity. In the particular
case in which the limit set is a round circle, the group is called Fuchsian, and the
space of classes of Fuchsian groups is called Fuchsian space, denoted F(S). Tt is a
copy of Teichmiiller space inside QF(S). By the Bers simultaneous uniformization
theorem, QF(S,.,) is homeomorphic to Teich(Sy,) x Teich(Sy ), so that it is
topologically a ball of dimension 2(6g — 6 + 2b).

If T is quasi-Fuchsian, not Fuchsian, then the boundary of its convex hull has
two components dCT, dC~. We denote by plT,pl~ their bending measures. In
this paper we shall only deal with the case in which plt projects onto a rational
lamination on dC* /T (i.e., its support is a union of closed geodesics). In this case
the pleated surface OC* is also called rational, and can be regarded as the union
of pieces of hyperbolic planes in H? glued together along geodesics. There can be
other rational pleated surfaces invariant by p. Let A = {a1,...,a,} be a pants
decomposition of S, i.e., the curves «; decompose S into pairs of pants; if pa; are
purely hyperbolic isometries for all ¢, then each pair of pants is covered by flat
pieces and all these flat pieces are glued along the axes of pa; and their images
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under the group. In this way we obtain a rational pleated surface invariant by p,
which we denote by Ply, and we say that p realizes the pleated surface Pl 4. The
bending lines project onto the geodesics representing loops in A, and we denote by
0., the bending angle on the bending line projecting onto «;. This signed angle
is defined relative to a fixed orientation of S, which gives an orientation of Ply4,
as the angle between the outward normal vectors to the two flat pieces, Fi, F3,
meeting at the bending line, with the convention that the angle is positive when
the plane containing F} separates its outward normal vector from F;. We notice
that if 6,, = 0 for all ¢, then I' is Fuchsian. Usually, the actual sign of the bending
angle is not important, but the relative signs along different bending lines are. The
pleated surface Pl4 can be convex or not, and can be embedded or not. If it is
convex and embedded, then it must be a component of 9C; see [11]. We refer to [2]
for more details about pleated surfaces, and to [11] and [20] for their relation with
Fenchel-Nielsen coordinates.

2.3. Fenchel-Nielsen coordinates. Fenchel-Nielsen coordinates are the basis for
our computations. Let S = S, be an oriented surface and {a1,...,a,} a pants
decomposition of S (so that n = 3g — 3 + 2b and the number of pants in the
decomposition is 2g —2+b). We can parametrize Teich(S) by the so-called Fenchel-
Nielsen coordinates, (lo,,ta;), where l,, are the lengths of the curves a; and t,,
are the twist parameters, which, intuitively, determine how the two pairs of pants
meeting along the curve «; are glued.

In order to define the twist parameters precisely, we need to specify, for each set
of fixed values of the lengths of «;, a base point pg in Teichmiiller space, at which
all the twist parameters are equal to zero. Once we have this point, given a point
p € Teich(S) with I, the given values, we can recover py from p by doing twists
about «; by certain amounts ¢;. Then the twist parameters for p are defined to
be t,, = —t;. To choose the base point, we take a system of curves {d1,...,0,}
dual to the {a1,...,a,}, in the sense that the geometric intersection number of ¢;
with «; is either 1 or 2 if 4 = j, and 0 if ¢ # j. (Notice that the dual curves are
not necessarily mutually disjoint.) For fixed values of I, the point pg is chosen so
that if §; and «; intersect once, then the intersection angle is 7/2, whereas if they
intersect twice, the intersection angles are § and m — 6. We notice that at pg, if
P, P’ are the two pairs of pants meeting at «;, then both pants are glued up so that
the common perpendicular arcs in P from «; to the other boundary components
match with the common perpendicular arcs in P’ from «; to the other boundary
components.

Kourouniotis [17] and Tan [22] have extended this construction to complex
Fenchel-Nielsen coordinates for quasi-Fuchsian space, so that both the lengths and
the twists become complex functions (Aa,, 7a,;). Now, from a point in QF we can
recover the base point (chosen as before) by doing a complex twist about «;, where
the real part of the twist means a shift and the imaginary part means a rotational
angle. This process will be illustrated in more detail in the proof of Theorem Bl

There is a certain subtlety involved in defining the length parameters for a point
p € QF, which necessitates using the half lengths \,,/2 rather than the lengths
Ao, - Nevertheless, for the purpose of this paper, we only need those representations
p for which A, = [, € R for all i. We state the theorem in its generality, but in
practice we will always be restricted to this case and will take [,, as our parameter
rather than l,, /2.
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Theorem 2.1. (a) (Real Fenchel-Nielsen coordinates.) The map
T Teich(8) — (R X R)", p > (o, (9): s (0)),

i

is a homeomorphism.
(b) (Complex Fenchel-Nielsen coordinates.) The map

u (p): 7o (P)),

U: QF(S) — (Ct x C/27i)™, pr ( 5

is an embedding.

Remark. If we choose a different system of dual curves, then we get a new coordinate
system (X, /2, 7,,) which differs from the first coordinate system by a translation
of the twist parameters: 7). — 7o, = Nq,, with N € Z.

3. REPRESENTATION

We are going to derive an explicit parametrization for QF(S; 2) using Fenchel-
Nielsen coordinates with respect to the pants decomposition {a1,as} and the dual
curves {01, 02}; see Figure 1. Precisely, this means that given (l,, 7o, ) in the image
of the map ¥ of Theorem 2.1l we shall find its preimage representation (up to
conjugation). In particular, if 7; = ¢; € R, this gives a parametrization of F(S; 2).

Fix a presentation m(S) = (a1,a9,01 : —) for the fundamental group of S,
where a1, as, (1 are the oriented loops based on the point * in Figure 1. For later
purposes we record expressions for other loops on the surface:

Bo=ai'fraz, 01 =B tayt, G2 =a1fB oyt B,

and note that oqozgl and ﬁgﬁfl = aflﬁlagﬁfl are the loops around the punc-
tures of S; 2. To abbreviate, we shall throughout use the notation 1 = ly,,lo =
log, TL = Tay, T2 = Ta, for the Fenchel-Nielsen coordinates with respect to {1, as}
and {d1,02}.

FIGURE 1. The pants decomposition {aq, as}, dual curves {41, d2}
and the presentation of m(5).

Notation. For a complex number a, we define

o210 hg sinhg
(e _ (coshg sinh g
Trala) = ( 0 ea/2> . Twla) = (sinh% cosh%) ’
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For an oriented line N in hyperbolic space and a complex number a, we denote
by T (a) the loxodromic isometry with axis N and complex translation length a.
Let p be the projection from SL(2,C) to PSL(2,C). Then p(Ty,(a)) = Ty, (a),
where L; is the oriented line, in the upper halfspace model for hyperbolic space,
going through (0,0) € C x R and (0,1) € C x RT. Similarly, p(Th(a)) = Ta(a),
where M is the oriented line going from (—1,0) € C x R+ to (1,0). If a is real,
then we can regard both T7, (a) and Tys(a) either as purely hyperbolic isometries
of H? or as hyperbolic isometries of H2. We observe that Ths(a)~! = Ty(—a) and
Trh(a)Th (b) = Ta(a + b), and similarly with 77, (+).

Theorem 3.1. Let o be an element of QF(S), and let V(o) = (l1,l2,71,72) €
(R*)2 x (C/2mi)2. Define d by coshd = (1+cosh 4 cosh 2)/(sinh & sinh 2). Then
0 is conjugate to the representation p o p, where p: w1 (S) — SL(2,C) is defined
by

plar) = T, (h),
plag) = Tu(=d)Tr,(l2)Tm(d),
p(B1) = Tr,(m)Tm(d)Tr, (m2)Tn(d).

Hence, we also have
p(B2) = plag fraz) = T, (11 = h)Tar(d) T, (2 + l2) Tar (d).

Proof. Given l1,ls € R, there exists, up to isometry, a unique right-angled hexagon
with three alternate sides of lengths 11 /2,12/2,0. By trigonometry for right-angled
hexagons, the length of the side opposite to that of length 0 is d, with cosh d equal
to the expression in the statement.

In the Poincaré halfspace model of H?, we take two copies of this hexagon in the
plane determined by the lines Ly, M, as in Figure 2. We denote by Lo the oriented
line containing the sides of length 12/2 so that dps(La, L1) = d.

d

2 5 }T M,
d 1

M

aehe

1

FIGURE 2.

Let M; be the oriented line so that dp, (M, M;) = 71, L3 the oriented line so
that das, (L1, Ls) = d and M the oriented line so that dp,(M;i, M) = 7. We
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take another two copies of the hexagon in the plane determined by L, M;, as in
the figure. The given representation g is conjugate to a representation p which
maps a; to Tr,(l1) and ag to Tr,(lz). Taking into account the definition of the
twist parameters, p must map (31 to the loxodromic element mapping the oriented
lines Lo, M into the lines L3, Ms. This loxodromic element is the composition
Ty (72) T, ()T, (11) T ().

Observe that each of the lines Ly, M, L1, My, L3 is orthogonal to its two neigh-
bours in the list. Therefore, we can easily express any loxodromic element whose
axis is any of these lines as a composition of loxodromic elements with axes M and
L1. In this way, we get

Tr,(la) = Ta(=d)Tr, (l2)Tar(d),
Try(r2)Tar, (d)Tr, (1) Tae(d) = Tag, (d)Tr, (72)Tar, (—d)Tar, (d) T, (71) T (d)
= T, (m)Ta(d)Tr, (—=m0) T, (12)T1, (11) Tar (d)

= T, (m)Tar(d)Tr, (12)Tar (d).

Finally, since 71(S) is a free group, this representation lifts to the representation
p: m(S) — SL(2,C) given in the statement; see [L§]. O

Change of Fenchel-Nielsen coordinates. The curves {a1, a2} and {51, O2} are
symmetric in the surface. More precisely, there exists a homeomorphism, r: S — S,
see Figure 3, so that the induced homomorphism r, of the fundamental groups
maps a1 — (1, ag — [a, 1 — ay, B2 — as. We can also check that 6; — d3 =
a1fBeay By ! and 6 — Brag 65 ' B!, which is a conjugate of d; '. Note that r
reverses the orientation of the surface.

We can work with Fenchel-Nielsen coordinates with respect to the pants decom-
position {81, B2} and dual system {d3,02}. Let o be an element in QF(S), and
WA (0) = (A, , A\gs» T8, T8, ) its complex Fenchel-Nielsen coordinates with respect to
this new pants decomposition. Assume that the lengths Ag, = lg,, A\g, = I3, are
real. Then, proceeding as in Theorem [B1] we can normalize g to a representation
po p?, where pP: m(S) — SL(2,C), defined by

( 1 = T, (lﬁl)a
(52 = ( B)TLl (l52)TM(_d6)7
( ai = TLI( Tﬁ) ( dﬁ)TLl(_Tﬁz)TM(_dﬁ)v
pﬁ(O@) =p (ﬂl 04162 = TL1( 61 — lﬁl)TM( dﬁ)TLl(_TQ + lﬁz)TM(_dﬁ)v
where d” is defined by coshd® = (1 + cosh% cosh l'%)/(smh L sinh lﬁ? ). Note
that the fact that r reverses orientation produces a change of sign in the twist
parameters.

Usually, we will use the complex Fenchel-Nielsen coordinates with respect to

{a1,az} and the dual system {01, d2}. We shall refer to these as a-coordinates. We

will refer to the complex Fenchel-Nielsen coordinates with respect to {01, 82} and
the dual system {03, d2} as S-coordinates.

)
)
)
)

Remark. We can regard Theorem Bl and the above paragraph (generalized to
complex values of the lengths of «; or §;) as defining two different charts of the
representation variety R with domain R? x (C/27i)2. The image of both charts
strictly contains QF but not its closure in R, since cusp groups in 0QF with ay
or as pinched are not in the image of the first chart, whereas cusp groups with
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F1cUrE 3. Change of Fenchel-Nielsen coordinates.

or (32 pinched are not in the image of the second one. Throughout the paper we
will identify points in R? x (C/27i)? with their image representations obtained as
in Theorem 311

3.1. Some formulae. From now on we will mostly use the notation pvy instead
of p(y). The decomposition of pfB1, pBz2 as a product of four loxodromics along
two orthogonal axes is convenient for various computations. In this section we
compute the real and imaginary parts of the traces of pfi, pfB2. The expression
that we obtain involves certain quantities in terms of V1, e, Vo, e whose geometric
meaning is explained in Figure 4, which we call the Main Figure. Despite the fact
that we are working with isometries of H?3, the Main Figure is entirely a figure in
H2.

€
H; Vi
tl
2
0, d "
ly O
4 1
v, h i
)
L, Ly

FIGURE 4. Main Figure.
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The Main Figure. Let d > 0 and t1,t2 € R. Let L1, Lo be oriented hyperbolic lines
and M their oriented common perpendicular, satisfying dps (L2, L1) = d. Denote by
O1, O the intersection points of Ly, M and Lo, M, respectively. Let V3 = Vi (t1) be
the point on L; at signed distance t1 /2 from O and let Vo = Va(t2) be the point on
Lo at signed distance —t3/2 from Os. Consider the halfplane H; orthogonal to L
at V7 and containing the initial endpoint of L (the one shaded in the figure), and let
e1 = e1(t1) be its outward unit normal. In the figure, this vector is represented as a
tangent vector at the point Vi, but it must be thought as the vector in R? defined
as explained in Section Similarly, consider the halfplane H, orthogonal to Lo
at V2 containing the final endpoint of Ly with outward unit normal es = es(t2).

Remark 1. Much geometric information can be obtained by just looking at this
figure. For instance, observe that (e1,V2) = 0 if and only if V5 is in the line Hy
orthogonal to Ly through Vi; (e1, V2) < 0 if the point V3 is contained in the interior
of the halfplane H; , and (ey,V2) > 0 if V, is contained in the interior of the
halfplane H,", and similarly for (Vi,es). As a consequence, (e1, Vo) = (Vi,e2) =0
if and only if t; = t3 = 0.

}gemark}. If T = t1,T2 = l2 are real, then the axis of the isometry p o p(f1) =
Tr, (t1)Tm(d)TL, (t2) T (d) is the line joining Vi(t1) and Va(t2). Indeed, we can
express T, (t2)T(d) as a product of involutions:

Ivi sy lo Lo, 1o = Iv; (1) 1o = Loy, (t,),

where O is the point on M equidistant to }1 andﬁLg and Ip denotes rotation by 7
about the point P. Doing similarly with T, (t1)Ta(d), we get that

Tr, (t1)Tar (d)Tr, (t2)Tar (d) = Tvy (1) Iva )

The following proposition is a formula for decomposing the trace of pB; =
T, (11)Tam(d)TL, (12)Tar(d) into its real and imaginary parts. If 7,70 € R, we
can check that trpfy = —2(V1, Va).

Proposition 3.2. Consider d > 0, and let 71 = t1 + 101 and 79 = to + iy be two
complex numbers. With the above notation, we have

tr (Tr, (11) T (d)T 1, (m2) T (d))
_ 01 .. 01, [(Vi,Va) (Ve cos &
= —2(cos 5 isin ?) ((ei,Vi} <ei,e§>> (z sin 972)
%2<€1762>)

‘ 0 . 0 .0 0
— 2§ (cos 51 sin 52<V1,62> + smg1 cos 32<61, V2>) .

= —2(cos %1 cos %(Vh Va) — sin %1 sin

For the proof of this proposition we use the following lemma.

Lemma 3.3. Let a,b,a;,b; € C and let Tr,(a), Tar(a) be as above. With the
notation t(a) = 2 cosh(a/2):

(a) tr (T1, (a) T (b)) = 5t(a)t(b), and

(b) tr (T, (a1) T (b1) T, (a2) T (b2))

= it(al)t(bl)t(ag)t(bg) — %t(al — ag)t(bl — bg)

Proof. Notice that t(a) = 2 cosh(a/2) = tr(Tg,(a)) = tr(Ta(a)). One can prove
(a) by direct computation. For (b), use the trace formulae tr(AB) = tr(BA) and
tr(AB) = trAtrB — tr(AB~1) and (a). O
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Proof of Proposition[32. Applying Lemma B3] (b) and expanding hyperbolic co-
sines of sums, we get

tr (Tr, (11)Tm (d) T, (72) T (d))

— 0 9% _ Bgin%gin %2 4 % gin &2 in & [
= Acos 5 cos 3 — Bsin 3 sin 3 + i(C cos 3 sin 7 + D sin 3 cos 3 ),

where
A = t*(d)cosh % cosh %2 — 9¢osh i1 —t2 ,
B = t*(d)sinh %1 sinh %2 + 2cosh th—t2 7
C = t3(d)cosh % sinh %2 1 9sinh ty — to 7
D = t3(d)sinh %1 Cosh% o L2

We work in the hyperboloid model of H?, where we normalize the Main Figure so
that O1, 04, V1, Va, e1, eo are the following vectors in R3:

02 = (0,0,1), 01 = (sinhd, 0, cosh d),
Vo = (0, — sinh %2, cosh %2), V1 = (sinh d cosh %1, sinh %1, cosh d cosh %),
ea = (0, — cosh %2, sinh %2), e1 = (sinhdsinh %, cosh %, cosh dsinh %1)
Computing the inner products, we find that
(V1, V) = —sinh % sinh %2 — cosh d cosh %1 Cosh%2 =—A/2,
and similarly (e, es) = —B/2, (Vi,e2) = —C/2 and (e1, Vo) = —D/2. O
Remark 3. It will be convenient to list the following expressions:

4 4 4 t
—(Vi(t1), Va(t2)) = coshd cosh 51 cosh — + sinh 51 sinh 52,

2
. h to t1 ., to
—(e1(t1), Va(t2)) = coshdsinh ) cosh 5 + cosh ) sinh 2
4 t t t
—(Vi(t1), ea(t2)) = coshd cosh 51 sinh 52 + sinh 51 cosh 52,
4 t t t
—(e1(t1), ea(t2)) = coshdsinh 51 sinh 52 + cosh 51 cosh 52

4. SIMPLICES OF MINIMA

In this section we shall find the equations for some lines and simplices of minima
in the Teichmiiller space of the twice punctured torus. We start with some general
results.

4.1. Kerckhoff’s theory. We recall the main result of Kerckhoff that leads to
the definition of lines of minima ([15], see also [20], Section 4). The time ¢ left
earthquake [14], [23] along a lamination p € ML(S) is a real analytic map &,(t) :
Teich(S) — Teich(S) which generalizes the classical Fenchel-Nielsen twist. If p €
Teich(S), we denote by £,(p) the earthquake path &,,(¢)(p),t € R. This flow induces
a tangent vector field aaTu on Teich(S). In [14], Kerckhoff showed that if v € ML,

then the length [, is a real analytic function of ¢ along &,(p), strictly convex if



632 RAQUEL DIAZ AND CAROLINE SERIES

i(,v) > 0 and constant otherwise. If u,v are curves, the derivative of the length
of v along the earthquake path is

ol,
ot = Z Ccos Uy,
7

where 1); is the angle from v to u at a point of intersection, and the sum is over all the
intersection points of y, v. From this formula, one obtains Wolpert’s antisymmetry

formula
ol, ol,

o, - o
The following is the fundamental theorem of [15]. We say that two measured
laminations u, v fill up the surface if for any other lamination £ we have i(u,§) +

i(0,€) £0.
Theorem 4.1 ([I5], Theorem 1.2). Suppose p and v fill up S. Then for every

k € R* the function fr =1, + kl, has a unique critical point on Teich(S) which is
a global minimum for fi.

The set of minimum points of fi for kK € R* is called the line of minima of u, v,
denoted L, ..

The following theorem of Kerckhoff shows that for fixed u € ML, the lines of
minima £, , foliate Teich(S). Suppose that 4 € ML and denote by ML, the set
of v € ML such that p and v fill up S. Fix a continuous section j : PML — ML.

Theorem 4.2 ([15], Theorem 2.1). Let p € ML. The map ®, : PML, x Rt —
Teich(S), sending ([v], k) to the point where l, + kl;(j,)) attains its minimum, is a
homeomorphism.

We have also the following useful characterization of lines of minima.

Proposition 4.3. Let p,v € ML with [p] # [v] and p € Teich(S). Then there
exists k € R with %L) = —k%b if and only if u,v fill up S, k is positive, and p
is the unique minimum of fi, and hence in L, , .

This result is also based on [15]; see [20], Section 4, for the proof.

Let A ={ai,...,a,} and B = {f1,...,Bm} be two systems of disjoint, simple
closed curves on the surface S. We define the (open) simplex of minima Sap to
be the union of lines of minima £, ,, where p = > a;c,v = > b;0; are linear
combinations of a;, B3;, respectively, with all the coefficients positive. It follows
from Proposition 4] below that the closure S 4.8 of S4 5 in Teichmiiller space is
the union of lines of minima £, ,, with u and v as before but with a;,b; > 0, and
such that the curves with positive coefficients still fill up the surface.

We can regard S45 as the image of the following affine simplex. Consider
independent points Ay, ..., Ay, Bi,..., By, in R"™~1 and let Q.45 be the open
simplex they generate. Thus, a point ¢ in Q4 5 is of the form (1 —¢)(>", a;A;) +
t(zj b;Bj), with 0 < t,a;,b; <1, > a; =1, > b; = 1. Let Q be the set of
points ¢ of the same form as before but with a;,b; > 0 and such that the set
of curves {e;,B3; | a; > 0,b; > 0} fills up the surface. Finally, define the map
®: Qap — Teich(S) by assigning to (1 — t)(32; a;d;) + t(>-;b;B;) the unique
minimum of the function (1 —¢)(3_; aila,) + (3, bjls;)-

Essentially the same reasoning as in parts (I), (IT) of Theorem 2.1 of [I5] proves
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Proposition 4.4. The map ®: ng — Teich(S) is continuous and proper.

In consequence, as asserted, the closure of S4 5 in Teichmiiller space is the
closed simplex S4 5. It also follows that simplices of minima are connected subsets
of Teich(S). (In [3], we study the closure of S 5 in Thurston’s compactification of
Teichmiiller space, and show that the limit points of the line of minima £, , are
the barycentres [a1 + -+ + ay] and [B1 + -+ + Bn].)

For pants decompositions A = {a1,...,a,},B = {f1,...,8.} of S, we define
the matrix M = M (A, B, p) as

ol s, Loy |
Tlay 1P 0 Tlay 1P
M(AB,p)=1| :

Olgy, O,

Btay 1P 777 Dlay, 1P
Observe that a vector (a1, ..., a,)” is a right nullvector of M if and only if ﬁ’ =
for all 4, where p is the formal linear combination ajay + -+ + anay. Slmllarly,
by using Wolpert’s antlsymmetry formula, a vector (by, ... ,bn) is a left nullvector
of M if and only if Zei — 0 for all i, where v is the formal linear combination
b1B1 + -+ + bnfn- ertmg a% in terms of the coordinates induced by Fenchel-

I

Nielsen coordinates lg,,t3,, we have
0 Olg, Otgs,
1 — = i i Y
(1) ot, Z 8tu 81[3 Z 8tu 81‘,5

Thus, if (a1,...,a,)T is a right nullvector of M, we get that the first group of

summands is zero. As a consequence, applying this expression to the functions [,

we get that the vector (atﬁ1 e adtfl:”) is a left nullvector of M.

Using the matrix M, we can give yet another characterization of rational lines
of minima.

Proposition 4.5. Let =Y a;a;,v = Y. b;08;; a point p is in the line of minima
L, if and only if (ay,...an)T is a right nullvector of M, (b1,...by) is a left
nullvector, and there exists k > 0 so that —kb; = atﬁ’
pELy,y, thendet M = 0.

0, for all i. In particular, if

Proof. If p € L,,,, then, by Proposition[4.3] there exists a k > 0 so that

0 0
2 — |, = —k—/|,.
( ) atu |P atu |P
Since %”’ = 0, then ([R) gives %ltu = 0, so that (b1,...,b,) is a left nullvector
)T

of M. Similarly we obtain that (ai,...,ay,)" is a right nullvector of M. For the
T

relation between these nullvectors, we write % as in (); since (ay,...,an)" is a
right nullvector, d/0t, is a combination of {0/0tg;}. Then, using (), we obtain
the relation in the statement.

For the converse, we apply the hypothesis to the expression () to obtain (2.
Then, by Proposition &3 p € £, .. O

The map P is not always injective. In the following proposition we study some
necessary and sufficient conditions for injectivity. This result will be used to com-
pute the simplex of minima Sq,,a0:6:,8.-
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Proposition 4.6 (cf. [20], Corollary 6.3). Let A= {ay,...,an}, B={01,...,0n}
be two pants decompositions of S and p € Teich(S) such that det M (A, B, p) = 0.

(a) Suppose Tk M = n — 1. Then p € Im ® if and only if the adjoint matriz
of M has all its entries of the same sign (with possibly some entries vanishing).
Moreover ®1(p) consists exactly of one point. In particular, if tk M =n — 1 on
Im ®, then ® is a homeomorphism onto its image.

(b) Suppose tk M =ng <n—1andp € L,, CIm @, with a; >0 and b; > 0
for all i. Then ®~1(p) contains a subset of dimension n — 1 — ng.

Proof. (a) If p € Im ®, then it is in a line of minima £, ,, with pp = " a;04,v =
> 0B, with a;,b; > 0. Since (AdjM)M = M(AdjM) = det M, every row of
Adj M is a left nullvector of M, and every column of Adj M is a right nullvector of
M. Since M has rank n—1, all left nullvectors are proportional, and so are all right
nullvectors. By Proposition LH, (b1, ...,b,) and (a1, ...,a,)T are positive left and
right nullvectors. We conclude that all the entries of Adj M have the same sign.
For the converse, take a non-zero row (by,...,b,) and column (ai,...,a,)" of
AdjM (or their opposite, if AdjM has its entries negative), and consider u =

. . . ot
S aiai, v = b;f3;. Since (ay,...,a,)T is a right nullvector of M, ( 85} ey 8557 )

is a left nullvector. Since rk M = n—1, this nullvector is proportional to (b1, ..., by,).
By Proposition @3, p is in the line of minima £, ,. For injectivity, first note that
each segment of Q4 g with vertices > a;A;, > b;B; maps bijectively to a line of
minima. Second, if ®~!(p) is in two different lines, then the matrix M has two
non-proportional nullvectors.

(b) Consider p € L,, ,,, with a;,b; > 0. By Proposition [L.H, there exists k£ > 0 so
)T

that —kb; = Ots; Thus, we can regard (b1,...,b,) as the image of (a1,...,a,

ot
by the linear map G defined by the matrix (—1/k) (g}f—f) Denote by R the set

of right nullvectors of M and by C* the set of vectors of R" with non-negative
coordinates. Since (a1, ...,a,)T is a nullvector with all coordinates positive, R

intersects the interior of C* and therefore R N C'T is a cone of dimension n — ng.

The map G restricted to R is injective because (a},...,a!,)T being in the kernel

'
Otp, _
atu’/ -

case, since (a},...,a,,)T is a right nullvector, we have that % = 0, which forces

of G is equivalent to 0 for all ¢, where p/ = ajaq + -+ + al,a,. In this

ay = --- =al, = 0. Hence, G(R) has dimension n — ng and contains (by,...,by),
which has all its coordinates positive, and so G(R)NC™ is a cone of dimension n—n.
Then, positive right nullvectors near (a1, ...a,)? are mapped to left nullvectors
near (by,...b,), which will be also positive. By Proposition we obtain the
result. O

By Kerckhoff’s derivative formula, the entries of the matrix M have geometric
meaning in terms of the angles between the curves o; and 8;. This will be useful
for some proofs. At other times it is easier to work with traces rather than lengths.
By differentiating the relation between trace and length we obtain the following
expression for the matrix M|,:

1 0 Ol tr pp| O] tr pBi|
sinh (lg,2) °°° Ota, e Otan,
M = : :
0 : —_— Ol tr pBnl Al tr pBn|

sinh (Ig,, /2)

% PN Dt
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We denote the second matrix in this product by T' = T'(A, B, p). Since sinh (Ig,/2)
is always strictly positive, we have the following immediate corollary of Proposi-
tion E6] which will be used to compute our examples of simplices of minima in the
next section.

Corollary 4.7. Let A = {a1,...,an}, B={b1,...,0n} be two pants decomposi-
tions of S, and let p € Teich(S). Then

(a) If p € S, then detT|, = 0.

(b) Suppose vk(T|,) = n — 1. Then p € Sap if and only if all entries in the
adjoint matriz AdjT|, have the same sign (with possibly some entries vanishing).

4.2. Example 1: The simplex Su, a,.6,.8,- We are now ready to compute our
first explicit examples. Using Proposition or Corollary [7, we shall find the
simplex of minima for the twice-punctured torus Su, a,.8,.8,, Where ai,az, 31, 32
are the curves given in Section 3. We express the results in terms of Fenchel-Nielsen
a-coordinates.

From Proposition B2lwith §; = 63 = 0, we see that tr p3; and tr pfs are positive
and given by

trpfr = —2(Vi(t1), Va(ta)), trpBe = —2(Vi(t1 —11),Va(tz +12)).

By computing derivatives (using the formulae in Remark 3 of Section [3.1]), we have
that the matrix T'|, of derivatives of traces is equal to

_ _<ela‘/2> _<‘/1762>
r= (—<ea,v2/> —<vlce'2>) !

where we have used the notation V; = V;(t;),e; = e;(t;), V] = Vi(t1 — 1), e} =
e1(ti — 1), Vy = Va(ta + 12), €5 = ea(ta + l2). We denote by T;; the entries of T'.
The following lemma shows that some configurations of signs for the entries of T'|,
are impossible.

Lemma 4.8. There is no p in Teich(S) for which the entries of T'|, satisfy T11 <0,
T2 >0, 15, >0, Tos < 0. Moreover at most two entries of T can be equal to zero.

Proof. Suppose that Ty; < 0. If t; > 0, then, by looking at the Main Figure,
T2 = —(V1,e2) < 0 (see Figure 5(a)); on the other hand, if t; < 0, then (t1—11)/2 <
—11/2, and this implies that To; = — (e}, V) < 0 (see Figure 5(b)). Therefore, the
above configuration of signs cannot happen.

If Ty1 = T12 = 0, then t; = to = 0. In this position, the two perpendiculars
to the lines Ly, Ly at V{, V4 respectively meet at oo. Hence neither T nor Tho
vanishes. Similarly, if T57 = Toy = 0, then T7; # 0, T12 # 0. Suppose that three
entries of T" are equal to zero. Then either T1; = T2 = 0 or T = Ty = 0, and we
arrive at a contradiction. U

Theorem 4.9. A point p € Teich(S) is in Sa, 0088, if and only if detT = 0 and
T > 0,112 <0,T5; <0,T52 > 0. The point p is in Say,a0:8:,8, if and only if no
entry is equal to zero.

Proof. From Remark 1 of Section B, the matrix T is identically zero if and only
if t1 =to =13 = Iz = 0, but this is impossible in Teich(S). Hence, in Teich(S) the
rank of T is always greater than zero. By Corollary &7} p is in Sa,,a.:8:,8. if and
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(a) T, 0,2,>0 (b) t,<0

FIGURE 5.

only if rk7T =1 and the configuration of signs for T is

)= G0

By Lemma ER] the second configuration is impossible in Teich(.S).

The final statement follows since, as in Proposition @H p € Sq; a0:8,,8, if and
only if the nullvectors are both strictly positive.

An alternative way of proving the first statement is by using Kerckhoff’s deriv-

ative formula; we have
( Alg, ) _ (cosy1 costhia
Ftay costa1  COSaz )’

where ;; is the angle from (3; to a;. Therefore, the second configuration of signs
implies that the quadrilateral determined by the geodesics aq, as, 81, G2 has all its
angles greater than or equal to /2, which is impossible (this quadrilateral on the
hyperbolic surface lifts to the quadrilateral of vertices Vi, Vo, V{, VJ). 0

The following lemma contains further concrete information about the location
of Sa17062§51752'

Lemma 4.10. If p € Sa;y 0y:6,.8,, then 0 <t <1y and —lz <ty <0, |[{e1,e2)| < 1
and (e}, e5)| < 1.

Proof. Suppose t; < 0. By Theorem[4:9] T1; = —(e1, V2) > 0, so the point Vo must
be as in Figure 5(c); but this implies T12 = —(V1, e3) > 0, which is a contradiction.
Therefore, t; > 0. Now t; > 0, and (e1, V2), (Vi,e2) have different signs; hence
to < 0. Arguing similarly, ¢t; < Iy and —Iy < t5. Also, the fact that T}1, 712 have
different signs implies that |(e1,e2)| < 1, and Ts1, T2 having different signs implies
that |{e],eb)] < 1. O

4.3. Subsimplices of St anifr pae We now compute some subsimplices of
Sai,as361,8,, beginning with the boundary of Sa, a,;8,,8,, Which consists of the union
of the four subsimplices Sq,:8,,8:5 SaziB1,820 Sar,as:811 Sai,asi8s- Set

T = {(l1,l2,t1,t2) | 1 = t2 = 0} C Teich(S).

This plane will come up repeatedly in what follows.
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Proposition 4.11. (a) The simplex Sa, a5, s the subset of Teich(S) satisfying
the conditions T11 = Ti2 = 0, or, equivalently, t1 = to = 0, the plane 1I.

(b) The simplex Su,.ay:8, s the subset satisfying Tor = Taa = 0, or, equivalently,
tlzll,tgz—lg, B

(¢) The simplex Sa,.3,,8, 1S the subset satisfying Tin = To1 = 0, or, equivalently,

cosh d tanh 22—1 + tanh %2 =0,
cosh d tanh tl% + tanh # =0.

(d) The simplex Saa;ﬁlﬂg is the subset satisfying Tho = Tao = 0, or, equivalently,

cosh d tanh %2 + tanh % =0,
cosh d tanh # + tanh % = 0.

Proof. Take p € Sal,a%gl. Then, by Proposition 5] (1,0) is a left nullvector of
the matrix M, and also of T. This implies T1; = T12 = 0, which is equivalent to
t1 = to = 0. Therefore Sal,az;ﬁl is contained in II. In this case, we have T5; < 0
and Tys > 0 (by Lemma [.8). Since the rank of T is 1, by Corollary 7] the whole
plane II is contained in the simplex Su, a,3,. We describe the other simplices
similarly, just setting two entries of T equal to zero and checking that the signs of
the remaining entries are appropriate. O

Remark. One can give an alternative proof of (¢) and (d) using Fenchel-Nielsen

B-coordinates. In these coordinates, consider the matrix 77 = (8;%) By
J

Wolpert’s antisymmetry formula, T and T are related by
1 1
0 1
sinh l[% T11 T12 — Tlﬁl Tgﬁ sinh l‘% 0
0 Tor T T, 15 0 1

lo
: 2
sinh —

T
sinh %

Then, by using the B-coordinates and arguing as in (a), the simplex S,,.5, 3, is

described by Tlﬁ1 = Tlﬁ2 = 0. By the previous relation, this is equivalent to 77; =
Tgl =0.

~ Next we compute Soitasipr,po and Say as:8 48, Which are subsimplices of
Sar i, Be-
Proposition 4.12. (a) The simpler Sa, +as:5,,8, 15 the subset of Teich(S) described
by the conditions Iy = la, 11 = —ta, 0 <t1 <.
(b) The simplex Sa, ay:8,+8, 1S the subset of Teich(S) described by the conditions
t1=101/2, ta =—l2/2, T11 >0, T12 <0, Tp <0, Ty > 0.

In terms of Fenchel-Nielsen (3-coordinates (1g,,1s,,ta,,13,), this simplex is described
by the conditions lg, =lg,, tg, = —tg,, 0 < —tg, <lg,.

Proof. (a) By Propositions and P € Saytas:p . pe if and only if (1,1) is a
right nullvector of the matrix M and the signs of this matrix are (i‘ J_r) By the
relation between the matrices M and T, (1,1) is also a nullvector of T'. Thus we
must have
(Vi,e2) + (e1,V2) =0 and <Vllae/2> + <6/1,V2/> = 0.

Given fixed values of ¢1, 11, l2, consider the function g(t2) = (V1, ea) + {e1, V2) of to.
Using the formulae in Remark 3 of Section ] its derivative is ¢'(t2) = £(V1, Va) +
1(e1,e2), and is always negative. Indeed, (V4,V2) < 0 and [(V4,V2)| > (e1,e2),
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because |(e1,ez2)| either is less than 1 or is the hyperbolic cosine of the distance
dy between two lines, whereas |(V1, V2)| is the hyperbolic cosine of the distance da
of two points in these lines, which, by their position, are never the ends of the
common perpendicular segment. Therefore do > d;. Then g is strictly decreasing
and takes the value 0 at most once. On the other hand, from the definitions
Vi = Vi(t1) and Vo = Vi(ta), it is clear that g(t2) = 0 when ¢t; = —t;. Therefore,
(Vi,e2) + (e1,Va) = 0 if and only if ty = —t;.

Recalling the definitions V/ = Vi (t1 —l1), V§ = Va(t2 + l2) and so on, the same
argument shows that (V{,e}) = — (e}, V5) if and only if t5 + I3 = —(¢1 — 11). Then,
we obtain [y = l5. Finally, the matrix has the desired signs if and only if 0 < ¢; < ;.

(b) A similar proof gives the description of the simplex Su,.ay:6,+4, in terms
of the Fenchel-Nielsen -coordinates, from which one easily gets the description in
terms of the a-coordinates. O

The line of minima L, +a.:8,+8, is clearly the intersection of the two above
simplices. Therefore we have

Corollary 4.13. The line of minima Loy tay:8.+8, 1S the subset of Teich(S) given
by ly = lo,t1 = —to,t1 = 11/2. A point p € Teich(S) is in Loytas;s+8, o and
only if Y11 = Yoo = T — P12 = T — Y21, where Y;; is the angle from the geodesic
representing [3; to the geodesic representing o;.

Proof. By Proposition[4.5] p € Lo, +as:8,+8, if and only if (1,1) is a left and right
nullvector of the matrix M of derivatives of the lengths

(COS P11 cosPia )

coSta1  COSPaa.

Therefore, we must have cos 117 = cos s = — cos 12 = — cos 91, and the quadri-
lateral of vertices V1, Vo, V{, V4 has all its angles equal to 1;. O

4.4. Example 2: The simplex Sy, a,.6,,5 - Next we compute the simplex
Soi,as:6:,6:- This turns out to be an example in which the map ® of Section {1l is
not injective. In fact we shall show that (for any fixed pair of values for l,,,l4,),
each of the three simplices Su, as:81.61» Sar.a0:81.6, (Whose computation is com-
pletely analogous) and S, a5, (Which we already computed in Proposition E.T1))
coincides exactly with the plane IT := {t; = to = 0}. Thus a point in II will lie
simultaneously on the lines of minima for many distinct pairs of laminations u, v.
By Proposition [£.3] a point lies on £, , if and only if some convex combination of
% and z% vanishes, in other words, if and only if % and z% point in opposite
directions in the tangent space at p. Figure 6 below gives a complete picture of the
tangent space to II, from which one can read off exactly which vectors are paired
to which in this way.

We begin by computing the trace of pdi.
Lemma 4.14. Let p = (I1,l2,t1,t2) € Teich(S). Then
tr pd; = —4sinh 2(ly/2) sinh 2d cosh?(t1 /2) + 2.
Proof. From the formula for the trace of a commutator, we have

tr pdy = (tlrpﬁl)2 + (tr pa2)2 + (tlrpﬁlozg)2 — tr pfB tr pas tr pPras — 2.
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We also know that

trpag = 2cosh(l2/2),
trpfr = tr (Tr, (1) Tm(d)TL, (82)Tm(d)) = —2(Vi(t1), Va(t2)),
trpfroe = tr (T, (t1)Tae(d)TL, (b2 + 12) T (d) = =2(Vi(t1), Va(lz + t2)).

As usual, we write Vi = Vi (¢1), V4 = Va(la + t2), and so on. Then
tr poy = 4cosh®(lo/2) 4+ 4(V1, Va)2 + 4(Vi, V)2 — 8(Vi, Vo) (Vi, Vi) cosh(ly/2) — 2.

Expanding (V4,V4), we get

(V1,V3) = (V1, Vo) cosh(lz/2) + (V1, ez) sinh (12/2),
so that

tr p6y = 4 cosh?(12/2) + 4sinh ?(I2/2) (—(V4, Va)? + (V1, €2)?) — 2.

By direct computation we get

-, V2>2 + <‘/1,62>2 =-1- sinthcoshQ(tl/Z),
finally giving the formula for tr pd;. U

Theorem 4.15. The simplex Su, a,:8,,5,, and its faces Su, a,:8, and Sa.:6,,5,, are
each equal to the plane II.

Proof. We already know that the simplex S,, a,.5, is equal to IT by Proposition 1]
(a). We compute the matrix T'|, of the derivatives of the traces of pfi, pd1 with
respect to t;. Since §; is a commutator, its trace is negative, and so, by Lemma [£.14]
| tr pd1| = 4sinh 222 sinh 2d cosh® & — 2. Then we get

—(e1(t1), Va(ta)) —(Vi(t1), e2(t2))
Tl = <QSinh2(121/2)siniliisinhtl 0 o )

If p € Suy a231,6, then, by Corollary @7, we have det T'|, = 0, so that either ¢, = 0
or (Vi,es) = 0. If t1 = 0 and (Vi,e2) # 0, then —(eq, Vo) and —(V7, e2) have the
same sign, which is impossible by Corollary 7] (b). If (V1, e2) = 0 and ¢; # 0, then
t; and —(eq, Vo) have the same sign, which again is impossible. Therefore we must
have t; = 0 and (V4, e2) = 0, which is equivalent to t; = 0,2 = 0. Hence Su,.a5.4:.5,
and Sa,., 5, are contained in II. Note that the matrix 7" is then identically zero.
Let us prove now that IT C Sa,.5,5,- At a point p € II the matrices T' and M
are identically zero. Hence, when expressing the tangent vectors %| » and %| 0

in terms of the coordinates induced by Fenchel-Nielsen coordinates with respect to

{B1,01}, we obtain
o at[-gl atgl o
Ota [ ota Ota dts
( al>—<at[{ aﬁ)(al)-
Otay Ota, Ota, Otsy

Denote the matrix in this formula by N = (‘; g). As seen in the proof of Propo-
sition EL6] its associated linear map is injective on the nullspace of M, which in
this case is 2-dimensional. Therefore N is invertible. We shall show that a and b
have the same sign, so that % is proportional to a positive linear combination

of % and %. By Proposition 3] it will follow that p is in the line of minima
1 2 _
Lo a8 +b5:, and hence in Su,.6, 5, -
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Since as, 81,1 do not fill up the surface, ¢ and d have opposite signs: otherwise
we would have a contradiction to Proposition[43] Inverting N, we find that

lé) d b lé)
Otg Jot N  det N Ota

5 1 — (de_tCN de(th) 5 1 .
dts, det N  detN ot

ag

Since a1, az,d1 do not fill up the surface, we deduce that —c and a have opposite
signs. Since the simplex Sa, 0,8, is equal to II, we know that %b is a negative
1

linear combination of 52—|, and 52—|,. Therefore, d and —b have the same sign.
a1 s
Combining all this, we deduce that a and b have the same sign. -
Finally we prove that II C Sa,,a,:8,,6,- Since II = Su; a0:8, = Sai:81:5., at a
point p € II there exist positive numbers a’, ¥, ¢/, d’ so that
0 , 0 0 0 0 0

Y __ Y r 9 r Y
R T T L T T T

Adding these equations we get a strictly positive linear combination of % and %

1 1

equal to a negative linear combination of atL and %. Again, by Proposition .3
a1 g

we get that p € Sa;a0:81,6: - O

The remaining possible combinations of this family of curves are easily dealt
with. Since the triples of curves as, 31,1 and ay, as,d; do not fill up the surface,
they do not define any simplex of minima in Teich(S). In analogy to Theorem FLTH]
one proves that the simplex Sy, a,.4,.5, €quals IT. All the pairings of tangent vectors
obtained for these various simplices of minima have been collected in Figure 6, which
shows the subspace of T,(Teich(S)) generated by %, % at a point p € II.

\ 0
Ve 0 40
\\ a’at_a +blaf—a
a \ 1 2
aye \
81551 \\
\
\
) . d
c'a— +d 53— S n—
6%931 6‘t01 S~ 0260l
i =~ ~
atﬁl
0
i 0 ;s
Un"— +Va— 2
atﬁ ot J

FIGURE 6.
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5. EXAMPLES OF PLEATING VARIETIES

In this section we calculate the pleating varieties corresponding to the simplices
in the last section. Once again, we begin by recalling some general results. Through-
out, we make the natural identification of Teich(S) with Fuchsian space F C QF.

5.1. General results. The first result concerns how pleating varieties meet Fuchs-
ian space. In [20], the second author proved the following:

Theorem 5.1 ([20], Theorem 5.1). Suppose that pants decompositions A, B fill
up S. Then FNPyap C San, and FNP,, C L,,, where p,v are measured
laminations which are combinations of the curves in A and B, respectively.

From the proof of this result we extract the following lemma, which will be used
to prove Theorems[5.7 and [5.2T] The angles 6,, (resp. 03,) are the imaginary parts
of the twist parameters in the Fenchel-Nielsen coordinates relative to the pants
decompositions A (resp. B).

Lemma 5.2. Let o: [0,1] — QF(S) be a path such that 0(0) =p € F, o(t) € F

for t # 0, and Ay, (0(t)),Ag,(c(t)) € R. Suppose that for all i the limit, as

t— 0, of %(a(t)) exists, denoted by a;. Then (a1,...,a,)T is a right null-
J1rey

vector of M(A,B,p). Further, the limit b; of 03,/ 10| and the limit k of

Y108,/ > 10a,| also exist, and we have

T
ai

. 0 0
p) : and zl:az%b:kzl:blﬁb

Qnp

Otp,
Dt

k(by, ... by) = <

Remark. (1) In Theorem 5.1 in [20], we allowed the bending laminations to vary in
P4, and extracted subsequences along which the limits (a1, ...,ay), (b1,...,bpn)
existed. However, once we assume the existence of the projective limits for the
angles 6,,, the limit for the angles 3, is automatic since, as proved in [20], it
satisfies the matrix equation in the above statement.

(2) We have to be careful about angles when we change from one set of pants
curves A to another set A’ in which some but not all of the pants curves are
different. In this situation, even if a curve « is contained in both sets A and A’,
the angle 6, relative to A is not in general equal to the angle 6, relative to A’.
This point will arise in Example 2 below.

(3) If the path o in Lemma is contained in the pleating variety P4 5, then
all the 0., have the same sign and 6,,/03, < 0. Therefore, if a; > 0, then b; < 0.
If we consider the measured laminations p = > a;a; and v = > (—b;)5;, then the
last claim of the lemma gives % = —k‘%, with k& > 0, the sign of k agreeing with
Proposition [£3]

It was also conjectured ([20], Conjecture 6.5) that for arbitrary laminations p, v,
the closure of the pleating variety P, , meets F exactly in the simplex SW,E For
rational laminations this conjecture reduces to:

Conjecture 5.3. Let p be in the simplex of minima of Sap. Then p is in the
closure of Pajs.

L Added in proof: This conjecture has now been proved; see 21].
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The conjecture was proved ([20], Theorem 6.4) in the case in which p is in the
interior of the simplex and rk M (A, B,p) = n — 1. However, as we saw in the last
section, the case rk M (A, B,p) < n — 1 may occur. The obstacle to proving the
conjecture in general was to demonstrate the existence of a path starting at p and
moving out of F into QF along which all lengths stay real and all angles have the
same sign. In fact, assuming such a path, we can apply the following result, proved
in [11] for the once punctured torus (Theorems 6.1 and 7.2), which extends with
only trivial changes to higher genus; see also [6].

Theorem 5.4. Suppose that p is in the simplex of minima S4 5 and that there is a
path o : [0,1] — QF such that 0(0) = p and o(t) ¢ F for t > 0. Suppose also that
fort >0 we have Ao (0(t)), Ag(o(t)) € R, and that the angles 0,(c(t)) all have the
same sign and likewise the angles 03(c(t)) all have the same sign (possibly zero).
Then there exists € > 0 such that o((0,€)) C P ps.

To determine the pleating variety completely, we need to extend the path away
from a neighbourhood of Fuchsian space. For this, ones needs the local pleating
theorem ([I2], Theorem 8.1) and the limit pleating theorem ([12], Theorem 5.1).
The proofs of both these closely related results are much easier in the rational case
(see [13], Theorem 3.7, and [16], Theorem 4.8), and extend without difficulty from
once punctured tori to the general case. (The idea is to link each flat plane in OC
to a disk in the regular set whose boundary contains the limit set of the Fuchsian
subgroup which stabilises the plane in question. Such disks are called peripheral.
One then has to prove that, provided no bending angle goes to 0 or m, peripheral
disks persist under small deformations keeping traces real, and under taking limits.
When an angle tends to 7, disks become tangent and a group element becomes
parabolic. When an angle tends to 0, two or more distinct peripheral disks may
merge.)

Theorem 5.5 (Local pleating theorem). Suppose that p is in the pleating vari-
ety Pap. Suppose that there is a path o : [0,€) — R(S) such that o(0) = p,
Aa(0(t)), Ag(o(t)) € R — {0}, and such that the angles 0,(0(t)),05(c(t)) # 0, .
Then there exists 0 < € < e such that o((0,€')) C Pag.

Theorem 5.6 (Limit pleating theorem). Suppose that o : [0,1] — R(S) is a path
such that 0([0,1)) C Pan, Aa(c(1)),Ag(c(1)) € RT and 0,(c(1)), 05(c(1)) # 0, 7.
Then o(1) € Pa 5.

Theorem B8 is also proved in [I].

Taken together, these three theorems show that, moving along a path starting in
either S4 5 or P4 5 and keeping all traces real and all angles with the correct sign,
we remain in P 4 g until either some bending angle becomes 0 or £7 or some length
becomes zero. The upshot is a purely analytic condition for determining whether
certain points are in QF, allowing one to determine the boundary of P4 g without
the need for any further checks on the behaviour of any other traces.

In the examples we calculate, we shall be able to explicitly find paths with
the properties in the above results, circumventing the problem in the proof of
Conjecture B3l above. These special paths will not only give us a complete proof
of the conjecture in this case, but also allow us to completely locate the pleating
varieties in question together with their boundaries.

These paths, which we call a-lines, correspond to pure bends away from points
starting in the relevant simplex of minima in F. Along an a-line, the lengths [, are
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fixed, as is the ratio tan (04,/2) : tan (04,/2). This ratio is chosen in such a way
that the traces of the other pair of curves in question (81, B2 or 31, d1) automatically
stay real. In our first example Pq, a,:8,,8., We have seen that the corresponding
simplex is embedded in F and there is exactly one a-line leaving from each point
in SO‘hOQ;ﬁhﬁZ'

In our second example Py, a,:8,,5:, We are in the degenerate case in which rk M =
0 < n—1 and the simplex is not embedded. In this case there will be many a-lines
meeting F in a single point of the simplex, one for each possible value of the angle
ratio. Along these paths, all of the traces of ay, as, (1,01, d2 stay real.

Now, as described on page 625, if disjoint curves «,v’ have real trace (thus, a
pants decomposition of the twice punctured torus), there exists an invariant pleated
surface Pl, ./, made by gluing the flat hyperbolic pants with boundary curves v, '
The bending angles of this surface are the angles between the two planes. Such a
surface is a component of JC if and only if it is convex and embedded. Thus to
determine when a curve is in the pleating locus, we have only to look at the signs
of relevant angles. Using our analysis of lines of minima, we shall be able to do this
along each a-line and thus give a complete description of how the several distinct
pleating varieties corresponding to these various curves meet each other and meet
F. The final picture, Figure 9, mirrors the infinitesimal picture in the tangent
space, Figure 6.

Non-singularity. A crucial feature of the results in [12] for the once punctured torus
was that the pleating varieties P, s for simple closed curves v, d were non-singular
in the sense that the restriction of the map ¢ — (A(¢), As(¢q)) is a holomorphic
bijection in a neighbourhood of P, 5, and hence the restriction of this map to P, s
is a diffeomorphism onto its image in RT x RT. We shall show that in our examples,
the analogous map

q— ()‘Otl (Q)v Aas (Q)v >‘,31 (Q)v >‘52 (Q))

is a holomorphic bijection in a neighbourhood of P4 5.

5.2. Example 1: The pleating variety P, a,:3,,3,- We shall compute the pleat-
ing variety

Pahaz;ﬁlﬁz = {P € QF: |p1+ | =a U a2a|p1_ | = U62}

in terms of the complex Fenchel-Nielsen a-coordinates (A1, A2, 71, 72) = (1 + ip1,
lo +ipa,t1 +1i61,t2 +i63). The description involves the matrix

_ _<ela‘/2> _<‘/1762>
r= (—<ea,w> —<Vf,ea>) !

from Section2l The following theorem gives a complete description of Po, as:8, 8.
showing that it is actually just the product of an open interval with the simplex
of minima Sy, 0y:8,.8,- To see this, notice that equations (&) and (@) are exactly
the equations of Su, a,:8,,8, (Theorem[L9). From each point of Sa, a,;8,,3, there
emanates a unique «-line given by ([7)), which continues until an endpoint which is
the first point at which (8) fails.

The theorem will be proved using two auxiliary propositions (591 and BIT) which
are stated and proved later in the section.
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Theorem 5.7. The pleating variety Pa, aq:p,,8, 5 the subset of points (I + ip1,
lo +ipa, t1 +i01,ta +i0s) € C* satisfying

3 w1 =p2 =0,
4 0<91, 02<7T,
5 detT =0,

6
7

T11 >0, T12 <0, 151 <0, T2 >0,
tan (92/2)/1]&11 (91/2) = —Tll/Tlg,
{—2<V1, Va) cos & cos &2 + 2(ey, ep) sin & sin %2 > 2,

—2(V{, V3) cos % cos% + 2(e, eh) sin%sin% > 2.

(
(
(
(
(
(8

)
)
)
)
)
)

Proof. Consider a representation p € Pa,,a,;8,,8.- Then the traces of pa; are real
and 6; € (0,7), so we have (3) and ). Also, the traces of pg; are real, so from
Theorem B.1] we have

{ tr (T, (1) Tv (d)Tr, (12)Tai (d)) € R,
tr (TL1 (T1 - ll)TM(d)TLl (TQ + lQ)TM(d)) € R.

Using Proposition to compute the imaginary parts, the above conditions are
equivalent to

(9) £ gin 5 f1 cos %

cos G sin “2 (VY e5) + sin 3 cos 2 (e}, V§) = 0.

{ cos & sin 2 (V7 eo) + sin & cos 2 (e1, Vo) =0,
2

2 2 2

Dividing by cos(f1/2)sin(f2/2), we get that p satisfies this system if and only if
detT = 0 and

tan (,/2) V) (V)
tan (61/2) (V1,e2) (Vi e5)

(Notice that, by ([@), we have (V1,e3) = 0 if and only if {e1, Va) = 0, and (V{, e5) =0
if and only if (e}, V5) = 0. Moreover, if (V1,e2) = (e1, Vo) = 0, then by Lemma 8]
(V],eb) # 0. So, K is well defined.) Since 61,62 > 0, then (I0) implies that T11, T2
have opposite signs, and so do Ta1, Tso.

Now we define the a-lines described above. Denote by R the subset of F
defined by the conditions that det T' = 0, that T11, T2 have opposite signs (possibly
vanishing), and that Th1, Toe have opposite signs. For a point p € Ry, the a-line
based at p is the curve o: [0, 7] — C* defined by l;(c(t)) = l;(p) and t;(c(t)) = t;(p)
for i = 1,2; 01(o(t)) = t and 02(c(t)) = 2arctan(K tan(t/2)). Thus, along an a-
line, the length of «; and the real part of the twist t,, remain constant, and the
angle ratio tanf;/2 : tanfy/2 is fixed. Notice that on an a-line, the traces of pg;
are real and the angles 6 and #3 have the same sign (since the base point p is in
Ro).

There is a unique o-line, o through our point p € Py, a,:8,,3.- Denote by pg its
base point in F, so that ¢(0) = po and o(t.) = p for some ¢, > 0. We shall show
that po € Sal,az;ﬁhﬁz and that J([Ovt*]) - Pahaz;ﬁlﬁz'

For all ¢ € (0,t.], the lengths l,, are fixed and the angles 6; are in (0, 7). At
p = o(t.), we have lg, > 0, and therefore |tr pB;| > 2. By Proposition B.I1 (a)
below, actually trpB3; > 2, and by part (d) of that proposition, trpg; > 2 for all
t € (0,t.]. Therefore, along o|(g,,], the lengths of (31, 32 are strictly positive. Hence
all points on (o, satisfy the hypotheses of Proposition 5.9 below. Since at p we
know 6g, # 0,+m, parts (c) and (d) of that proposition show that neither row of

(10) =K, where K =-—
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the matrix T vanishes. Now this matrix is constant along o. Thus, applying the
reciprocal of parts (c), (d), we have that 6, # 0, £ along o .1

In conclusion, along o) we have lo, # 0, I, # 0, 0, # 0,£7, and 05, #
0,%m. Since o(ty) = p is in the pleating variety Pa,,a.:8,,8, We can apply the
local and the limit pleating theorems as in Section 5.1 to conclude that ol ., C
Poar.az:1,8.- By Theorem 5l po must be in the simplex of minima Sa, a,:6,,8,- BY
Theorem Y], the signs of T are ( ’ n ), and all the signs are strict by Proposition .91
So p satisfies the conditions (B) and (7). Finally, condition (8) follows since tr p3; >
2, as explained above.

Conversely, suppose p € C* satisfies @B)-[@). We want to prove that p €
Pay.asifr.p,- Consider the a-line o through p. By (@) and (G)) its base point
o(0) = po is in the simplex of minima Sa, ay:8,.8,. Suppose o(t.) = p. Along
the path o|(g4,), the traces of pa;, pf; are real by conditions @), (B) and (@); the
angles 01,02 € (0,7), by (@); the length of j3; is positive, because it is true for
o(ts) = p, by 8), and we can apply Proposition[5.11] (d); and the angles 6, are
different from 0, =7, because lg, # 0, and we can apply Proposition[5.9] It remains
only to see that 6g,, 60, have the same sign. To do this we use Lemma [5.2] For
e sufficiently small, oj ) is a path in QF, with o(0) € F. We observe that the
limit as ¢ — 0 of 02/60; exists. Then, by Lemma 5.2 the limit of 6g,/0s, also
exists and is equal to by /b1, where (b, ba) is a left nullvector of M (A, B, po). Since
P0 € Sai,a0:81,8., this matrix has rank one and by Theorem its left nullvectors
have coordinates of the same sign. Thus b1, by have the same sign, and therefore
03, ,03, have also the same sign at o(t), for ¢ sufficiently small. Applying Theorems
5.4, 5.5 and B8] we conclude that o|(¢.] C Pay,az:6:.6: O

In the remainder of this subsection we state and prove Propositions 59 and E.1T1
We begin with a lemma which will be used in Proposition 5.9, Recall from page 625
that for disjoint curves 7,~" with real trace, we denote by P1, .+ the pleated surface
made from the Fenchel Nielsen construction by gluing the flat hyperbolic pants with
boundary curves 7,v’. The bending angles of this surface are the angles between
the two planes. Such a surface is a component of dC if and only if it is convex and
embedded.

Lemma 5.8. Let p € R(S) with tr pas, tr pB; € R and with | tr pay|, | tr pBi| > 2.
Denote by 64,04, the bending angles of the pleated surface Ply, o, and by 03, .03,
the bending angles of the pleated surface Plg, g,. Then, the pair (0q,,0q,) is in the
set X ={(0,0), (0, £m),(£m,0), (7, £7)} if and only if (0p,,0s,) is also in X.

Proof. Since |tr poy| is strictly greater than 2, (6a,,0a,) € X is equivalent to the
pleated surface Pl o, being contained in a plane Fy. Then pg; leaves Py invariant
and is purely hyperbolic, so its axis is contained in Py. Moreover, all images of this
axis under the group are contained in F. Therefore, Plg, 3, are also contained in
Py, and hence (6g,,03,) € X. O

Proposition 5.9. Let p € R(S) with tr pa, trpf; € R, |tr pay|, | tr pBi| > 2, and
(0o, 00,) & X. Then:

(a) Ooy, =0 or 0,, = =7 if and only if T11 = Te1 = 0.

(b) 64, =0 or 0,, = £7 if and only if T1o = Too = 0.

(c) 8, =0 or 0, = £ if and only if T11 = Th2 = 0.

(d) 03, =0 or 0z, = £ if and only if To1 = Tre = 0.
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ty
(_7+)
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/ t
D=0
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(=) (+,-) T15=0
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FIGURE 7. The curve D = 0 and the signs of (11, T12).

Proof. Since | tr pa;| > 2, we have [, > 0, and we can write p in terms of Fenchel-
Nielsen a-coordinates. In these coordinates, the condition that the traces of ps; be
real is the system (@). Suppose 64, = 0 or 8, = £7. Then, [@) is equivalent to

0 0 0 0
(11) sin % cos %Tn =0 and sin ;1 cos 32 Ty = 0.

Since (0u,,00,) ¢ X, this is equivalent to T1; = T2 = 0. For the converse, we
observe that T1; = T51 = 0 implies (see Lemma EF)) that T2, T2 # 0, so, from (@)
we must have 6,, = £m or 0,, = 0.

The other cases are similar; for (c), (d) we use Fenchel-Nielsen (3-coordinates,
and the system analogous to (9). O

5.2.1. The a-lines. In Proposition[5.11] we study the behaviour of the length of the
curves 31, B2 along the a-lines defined in the proof of Theorem 571 We begin with
a lemma about signs, illustrated in Figure 7.

Lemma 5.10. Let D = (ey,e2) + 1. In the 2-plane in F defined by fizing concrete
values for ly,la, the curve D = 0 does not intersect the regions Ty = {T11 > 0,T12 <
0} and T3 = {T11 < 0,T12 > 0}. Moreover, D is positive in both regions.

Proof. The 2-plane in the statement is coordinatized by the twist parameters (1, t2).
From the formulae in Remark 3 of Section 3.1, we easily see that the graph T7; =0
intersects the t;-axes at (0,0) and that its tangent at this point has slope — coshd.
Similarly, Th2 = 0 intersects the t;-axes at (0,0) and its tangent at this point has
slope —1/coshd. Also, the point (0,0) is the only intersection point of these two
curves. Thus it is easy to identify the regions 77, 73; see Figure 7.

On the other hand, the curve D = 0 intersects the axes only at (0,0), and we

have oD 1 oD
a_tl:§<vl762>) 8_152:§<61,‘/2>.

Both partial derivatives are zero if and only if t; = ¢t = 0. Therefore, (0,0) is the
only singular point of D.

—_
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By geometric arguments we can also see that D = 0 intersects each of the curves
T11 = 0 and T2 = 0 only in the point (0,0): with the notation of the Main Figure
of Section Bl if (e1,V2) = 0 then V5 is in the line Hy. Since V3 is also in Ha,
H, N Hy # (. Now, (e, e3) = —1 implies that H; and Hs coincide (the halfspaces
H ,H, are opposite). This only happens when t; = t3 = 0.

Next, we study the sign of T11,T12 along the curve D. Referring again to the
Main Figure, note that for each fixed ¢1, there are at most two values of t5 so that
(t1,t2) € {D = 0}; see Figure 8. If ¢; is positive and large enough so that the
line Hy does not intersect Lo, then the value of ¢3 is unique; see Figure 8(a). This
value of to is negative and at (¢1,t2) we have Th11, T2 > 0. If 1 > 0 but H; does
intersect Lo, then there exist exactly two values of t3 so that (t1,t2) € {D = 0},
both negative, one greater than —t¢; and the other less; see Figures 8(b), 8(c).
For the first one, we have T11,T12 < 0 and for the second we have T71,T12 > 0.
Similarly, we study the situation for negative values of ¢;. This information allows
one to verify the configuration of regions shown in Figure 7.

To study the sign of D in the regions 77,75, we just pick a point in each of
these regions and compute the sign. For instance, if ¢ > 0 and ¢35 = —t;1, then
(tlth) € 7—17 and

(e1,e2) +1 = (cosh?(t;/2) — 1)(coshd — 1),

which is positive. Thus D is positive in 77 and, similarly, in 7. O
[
(a)t,>>0,T;1,T5,>0 (b) ¢, >0, Ty, T1<0 (c)t; >0, Ty, T15>0
FIGURE 8.

Now we can prove the proposition we need.

Proposition 5.11. Let p € Rg and consider the a-line o based on p. Consider
along o the functions

0 0 0 0
f1 = trpp = —2(V1, V) cos ?1 cos 52 + 2(e1, e2) sin 51 sin ?2,

0 0 0 0
fo = trpBe = —2(V{,V3) cos ?1 cos 52 + 2(ef, e}) sin 51 sin ?2

Then for each i =1,2:

(a) fi(61) > =2 for all 6, € [0, 7].

(b) If {e1,e3) > 1, then f1(61) > 2 for all 0y; likewise if {€},e) > 1, then
f2(01) > 2.

(c) fi is decreasing near 0 and has at most one critical point (which will be a
minimum) in (0, 7).
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(d) If for some t. we have f;(t.) > 2, then f;(t) > 2 for allt < t.. If there exists
t. so that fi(t«) =2, then f; is decreasing in the interval [0, t.].

Proof. We prove this result for fi; the proof for f, is analogous.

(a) Since p € Ry, by Lemma[5.10 we have (eq,e2) > —1. Then the assertion is
an immediate consequence (remember that (V;,V2) = —coshd(V1, V) < 0).

(b) Since we already know that tr pf; is real, we just need to show that p o pf;
is not an elliptic isometry, for any value of #;. For this, it is enough to decompose
po pf as a product of two involutions around disjoint axes. We use a geometrical
argument similar to that in Remark 2 in Section[3.1], but first, we need to elaborate
the picture to take account of the fact that the twist parameters 7y = t1 + 61,75 =
to 4+ if2 are now complex. We regard the Main Figure in Section as a plane
H contained in H?. Let P;, P; be the orthogonal lines to H through the points
01, O, oriented so that P;, M, L; give the orientation of H3. Let Wi (1) be the line
so that the complex distance dr, (P1, W1(m)) is 71/2, and Wa(72) the line so that
dy, (P2, Wa(m2)) is —72/2. Then, by decomposing isometries of H* as products of
involutions around axes, we find the isometry

po p(ﬁl) = TLl (Tl)TM(d)TLl (TQ)TM (d) = IW1(71)IW2(72)’

where now Iy means involution around the hyperbolic line N.

Now consider the plane II; orthogonal to L; at V; (so, containing the line H;),
for ¢ = 1,2. Then Iy NIIy = @ if and only if H; N He = (. If (e1,e3) > 1, then Hy,
Hs do not intersect, and therefore neither do IIy, II5. Now, the line Wy (1) defined
above is contained in the plane IT;, and Wa(7) is contained in Iy, and therefore
the two lines are disjoint. Hence p o p(8;) is purely hyperbolic and | tr p(61)| > 2.
(If {e1,e2) = 1, it might be parabolic for some value of #;.) Since f; = trpf is
continuous and f1(0) is positive, it follows that f1(61) > 2 for all ;.

(c) As in the proof of Theorem [5.7] let K = —({e1, V2)/(Vi, e2), and set also A =
—(V1, Vo) and B = (e1,e2). We regard f; as a function on 6, € [0, 7], and compute
its derivative. We have that f1(0) =0, fi(7) = 0. Since tan (62/2) = K tan (01/2),
the derivative 05(6) is

0, =K(1+ tan2(91/2))(1 + K? tan2(91/2))71.
Then, for 6; # 0,7, we have
(12) f1(61)(cos(61/2)) "% = tan (6, /2)(—A — AK6, + BK + B6}).

If 61 # 0,7, then f{ = 0 if and only if —A — AK6, + BK + Bf) = 0, and this is
equivalent to

tan®(0,/2) = (A — 2BK + AK?)(K(B — 2AK + BK?))™*,

which has at most one solution for 6; € (0, 7).

Next we study the sign of fi(61) for #; near 0. From ([2), for 6, positive and
near 0, the sign of f] is the same as the sign of g(61) = —A — AK0, + BK + Bb).
Now, 65(0) = K, and therefore,

9(0)/(2K) = —A(1 + K*)(2K)™' + B < =A+ B = (V1,V2) + (e1, e2),

where the inequality holds because A is positive and (1 + K?)/2K > 1. Now
(V1,Va) + (e1, e2) is negative, as explained in the proof of Proposition dI2l Hence,
g(01) and f{(01) are negative, for 6y near 0.
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The final result (d) now follows easily. If (e, e3) < 0, then f; is decreasing, and
the result is clear; if 0 < (e1,es) < 1, then fi(m) < 2, and the result follows from
(c); otherwise, apply (b). O

Non-singularity. We end this subsection by proving that the lengths of the bending
lines are local coordinates in a neighbourhood of Py, ,:8,,3.- First we examine the
situation in F.

Proposition 5.12. Let pg € Say,a0:8:,8:5 With la, (po) = ¢i,i =1,2, and let W C F
be the subset defined by lo,(p) = ciyi = 1,2. Then W N Say,a0:8:.8, @5 locally
homeomorphic to R.

Proof. Let Q4,9 C ML denote respectively those laminations p = aj + asas
and v = b1 + baB2 for which a; + as = by + by = 1 and all coefficients are
positive. Denote by [Qp] the projection of Qs on PML. By Theorem 2.1 in [I5],
if j : PML — ML is any fixed section, then for each p € F and pu € Q4 there
exist unique [{] € PML and k € (0,1) such that (1 — k)l + klj(¢)) takes its
minimum at p. By Theorem 7.7 of [20], the resulting map ¥ : W x Q4 — PML,
defined by ¥(p,u) = [¢], is injective, and hence, since both domain and range
have the same real dimension 3, open. Since py € Sa, as:8:,3., then certainly [Op]
intersects the image of ¥. Thus, since [Qg] is homeomorphic to an open interval, so
locally is ¥~1([Qp]) C W x Q4. From the definitions, if p € W and p € Q 4, then
\I/(p, M) € [QB] implies p € Soq,az;ﬁl,ﬁz' Thus \Ilil([QB]) c (WﬂSal,az;ﬁl,ﬁz) X Q4.

We now claim that the projection W=([Qg]) — W N Sa; as:6,.8, 15 injective.
This is because if (p, ), (p, ') € ¥=1([Qg]), then p lies on two lines of minima
L, and L, ,» with v,/ € Q. However, by Proposition 1.6 (a) and Theorem {.9]
the map @ : Q4 x Qg x (0,1) — Say,a0:8:,8, Which sends (u, v, k) to the minimum
of (1 —Fk)l,+ kl, is injective, so p lies on exactly one line of minima £, ,,. Since the
projection is also open, we deduce that W N Sy, as:8;,8, 1S locally homeomorphic
to R, as claimed. O

Theorem 5.13. The length functions (Aa; (¢), Aas (@); As; (Q), Ag, (q)) are local holo-
morphic coordinates for QF in a neighbourhood of Pa, aq:p:,8: -

Proof. We have to prove that the map
q— ()‘Otl (Q)v )‘az (Q)v >‘,31 (Q)v >‘52 (Q))

is invertible in a neighbourhood of each point in Py, ay:8,8,-

Let qo € Pay.asi:,8, and let Ay, (go) = ¢i,i = 1,2. Let V be the submanifold
of QF defined by \a,(q) = ¢i,i = 1,2 (so that V is locally C? with coordinates
(Tays Ta))- Then, working with Fenchel-Nielsen a-coordinates, it will be sufficient
to prove that the map on V defined by (7a,,7a,) — (A, Ag,) is non-singular

(has non-vanishing Jacobian) at go. First, notice that each of the four derivatives

8)\5i
OTa ;
J

to QF, each consists of a single term cosh D; ;(qo), where D; ; is the complex
distance between the axes of a; and 3;. Since gy ¢ F, the real part of this dis-
tance is certainly non-zero, and so cosh D; ;(go) # 0. Thus, in particular, the map
(Tars Tas) — (Agy» Tas) 18 non-singular at ¢o, and so it remains to prove that the
map F : (Ag,,Tas) — (Ag;,Ag,) is non-singular at ¢o. In other words, regarding
Ag, as a function of A\g, and 7,,, we have to show that O\g, /074, # 0. To abbre-
viate notation, write z = A\g, — Ag,(q0), W = Ta, — Tay(qo), and view these as local

is non-zero, because by the generalization of Kerckhoff’s derivative formula
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coordinates for V near go. Using these coordinates, write f = Ag, — Az, (¢go). Thus
we have f(0,0) = 0, and we have to prove that the map F : (z,w) — (z, f(z,w)) is
non-singular at (0,0).

Let P = Pa, as:p,.8, 1 V. We first claim that P is locally homeomorphic to R2.
In fact, by Proposition B12] W N 8., as:6,.8, is locally homeomorphic to R, where
obviously W = V N F. The claim then follows easily from Theorem [5.7} which, as
pointed out, shows that the pleating variety is just the product of Su, a,:8,.8, With
an open interval, with the fibres over the points of Su, a,;3,,3, being the a-lines.

Since P is foliated by a-lines, it is locally parameterised by (¢, 6,,), with ¢ the
parameter of V N F and 6,, the imaginary part of 7,,, which parameterises the
a-lines. Let o be any a-line. We claim that at most one of the real functions
fi = trpB; (i = 1,2) has a critical point on o. In fact, by Theorem [5.7, following
o from its initial point in F, we remain in P until the first point at which one of
the f;, say f1, reaches the value 2. Proposition EIT(d) then asserts that fi has no
critical point on ¢. In particular, the function z = Ag, — Ag, (qo), restricted to P,
has no critical point on the a-line ¢ containing qq; then it follows from the implicit
function theorem on P that, in a neighbourhood of go, the locus {z = 0} NP is the
graph of some function ¢ = h(fa, ).

We first rule out the possibility that f(z,w) vanishes identically on z = 0. Notice
that by the local pleating theorem [L.5] there is a neighbourhood U of ¢p in V' such
that F~1(R x R)NU = PNU, and hence, from what we have already proved about
P, it follows that F~1(R x R) N U is locally homeomorphic to R?. On the other
hand, if f(z,w) vanishes identically on z = 0, then F~1(R x R) N U contains (a) a
neighbourhood Uy = {(0,w) : |w| < €} of (0,0) in {0} x C and (b) a neighbourhood
of gop on the a-line through go which intersects Uy in at most one point (since z is
non-constant on a-lines). Thus in this case, F~1(R x R) N U is not locally R2.

Thus we may assume that f(z,w) does not vanish identically on z = 0. By the
Weierstrass preparation theorem we can write

flz,w) = (W™ + a1 (2)w™ 4+ .. 4 am(2)g(z, w)

for some m € N, where a;(0) = 0 for all ¢ and ¢(0,0) # 0. Then f(0,w) =
w™g(0,w). It follows that F~1(0,R) consists of m branches; more precisely, there
are m maps (—¢,€) — F~1(0,R) C ({z = 0} NP) whose images are disjoint except
at 0. By the above description of {z = 0} NP, this is clearly impossible unless
m = 1. Thus 3—5(0, 0) # 0 and F' is non-singular at (0,0), as required. O

5.3. Subpleating varieties of Py, a.;5,,8,- We now study the pleating varieties
on the boundary of Py, a,:3,,3. and also the special pleating plane P, ,, defined by
fixing the measured laminations p = a3 + a2 and v = 31 + (2 as the bending lines,
which is clearly contained in the interior of Py, a,:8:,8,-

Proposition 5.14. The boundary of Pu, az:8,,8, i QF —F consists of the pleating
varieties Pu,.8, 82> Pasipr,B2: Par,asifr 004 Pay ay:8,- These pleating varieties are
the set of representations p which in terms of the a-coordinates (l1 + i1, lo + ipa,
t1 + 601, to + i62) are described by:

(8) Pay;py.8, 1 the set of points satisfying @), 0 < 01 <, 02 =0, Ty; =T =0,
and cos(61/2) > max{—1/(V1,V2), =1/(V{, Vi) }.

(b) Pay:pr,p. i the set of points satisfying @), 61 = 0,0 < 0y < 7, Tho = Toe =0,
and cos(f2/2) > max{—1/(Vy, Vo), —1/(V{, V5)}.



EXAMPLES OF PLEATING VARIETIES FOR TWICE PUNCTURED TORI 651

(€) Pay,az:p, 18 the set of points satisfying (3), @), T =Ti2 =0,

tan 92—2 B _&
tan%—l Ty
and
2(:oshalcosﬁcose—2 — 2sin0—lsin0—2 > 2.
2 2 2 2
(d) Pas,an:8, 5 the set of points satisfying B), @), To1 = Ta2 =0,
tan 92—2 B _E
tan 92—1 Tio
and

91 92 . 01 . 02
2 coshd cos 5 €05 2 sin 5 Sin > 2.
Proof. The boundary of Py, a,:8,,8, in QF — F is the subset described, because
if p is in this boundary, then the lengths of pa; and pg; are positive, and in this
situation, the bending angles 6., and 63, cannot be equal to £m. Therefore, the
only possibility is that one of the bending angles is equal to zero. This gives the
four subsets of the statement.

The converse parts of (a)-(d) are analogous to that of Theorem B, using Propo-
sition 59 to translate the equations of the form T;; = Thr = 0 in terms of some
bending angle being zero. In the case (c), we have T1; = T12 = 0, which is equiv-
alent to t7 = to = 0. In this case, we have —(V1,Va) = coshd, (e1,e2) = —1, while
—(V/,V4) > coshd and (], e5) = 1. Then, from the formulae for tr pf;, tr pBa, we
see that I, is always smaller than I, along the a-lines. Therefore the condition
analogous to (B) is just one inequality, and similarly for the case (d). O

We now compute the pleating plane P, defined by fixing the measured lami-
nations g = a3 + ag and v = 1 + (32 as the bending lines. This is the subset of the
pleating variety Pa, a,:8,,3, given by the extra conditions 6, = 0> and 63, = 03,.

Proposition 5.15. The pleating plane Py, is the subset of points (11 + ip1,l2 +
2,11 + 161, to +z62) € C* so that p1 =@ =0, 1 =1, t1 = —tg = l1/2, 01 = 0y
and

0<6<m cos’(01/2) > (1 — {er,e))(—(Vi,Va) — (e1,e2)) L.

Proof. If p € Puw C Pay,as:p1,8., then, by Theorem 57, p satisfies the system (@).
Since 67 = 65, and 6, # 0, &, we must have

<V1a62> + <617V2> =0 and <Vllael2> + <6117V2,> =0.
As we have seen in the proof of Proposition EETZ, this is equivalent to t; = —to,
and ll = lg.

By the symmetry of the curves {ai,as}, {1,052}, the condition 05, = 03, will
imply lg, = lg,, or, equivalently, trpf; = trpfs (these traces are already real).
Computing these traces by Proposition B2, this condition is equivalent to

(—(V1,V2) + (V1 V3)) cos®(81/2) + ({e1, e2) — (e}, €3)) sin® (61/2) = 0.

Using that t; = —t2,l1 = lo, we see that the functions —(V4,V2) + (V{,V3) and
(e1,e2) — (€], €5) vanish when ¢; = [;/2, and have the same signs elsewhere. There-
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fore, the previous equation holds if and only if
—(V1, Vo) +(V{,V3) =0 and (e, ea) — (€], €3) =0,

and this is equivalent to t; = {1 /2.

Finally, the study of the traces of pf; and pfs, which are equal, gives the last
condition.

The converse is analogous to that in Theorem .7} O

By looking at the explicit equations obtained in Theorem B and Proposi-
tions B.14] and 515, we immediately get the following corollary, verifying Theorem
6.4 of [20] in this case.

Corollary 5.16. The closure Poar,asifrps Of Pay,asiprps in QF meets F along the
closed simplex of minima Su, a.:8,,8,- The closure of the subpleating varieties of
Py as:fr.pa cOmputed above meets F along the corresponding simplices of minima.

Remark. When we reach a point at which trp8; = 2 or trpfs = 2 on an a-line,
we have arrived at a point in the boundary of QF. Such a point is a cusp group
at which one of the curves 1 or 2 (or both) is pinched. Even though this point
is not in QF, we can still use Fenchel-Nielsen a-coordinates to write down the
representation at such a point. This would be impossible using Fenchel-Nielsen
[-coordinates. To reach cusp groups at which the «; are pinched, on the other
hand, one should follow 3-lines (defined in the obvious way by analogy to the a-
lines). To write down the corresponding representations, one needs Fenchel-Nielsen
(-coordinates, compare the remark on page 628.

5.4. Example 2: The pleating variety P, a.:3,,8,- In this final section we
compute the pleating variety Pa, as:8,,5, and some adjacent pleating varieties in
QF. Consider the subset W = {p = (l1 + ip1,l2 + ipa, t1 + 1,12 + ib2) : @1 =
p2=0,0<0; <7, 0< 0y <7} Clearly Pao, as:8,6, C W.

We first find the real locus of (31, 1, that is, the subset of YW where the traces of
p01 and pd; are real (Lemma BI7). We continue by finding the purely hyperbolic
locus, that is, the locus where these traces are greater than two in absolute value
(Lemma [518). At any point p in the purely hyperbolic locus, we have, as described
on page 643, the p-invariant pleated surface Plg, 5, consisting of planar components
glued along the axes of pf1, pd1 and their images under the group. We study where
the bending angles 603,,605, of Plg, s, either vanish or are equal to +m, giving a
curve which divides the purely hyperbolic locus into two connected regions. Each
component is foliated by suitably defined ‘a-lines’ emanating from Fuchsian space
(Proposition B19)). Finally, we study in which of these regions the angles 83, , 05,
have the same sign. This will be exactly the region in which Plg, 5, is embedded
and bounds a convex half space, thus completing our description of the pleating
variety Pos as:8:,6; (Theorem [2T]).

Lemma 5.17. Let p € W. Then tr pfB1, tr pd1 are real if and only if t1 = t3 = 0.
Proof. By the same method as in Lemma [ZT4] we find that
tr pd; = —4sinh ?(ly/2) sinh 2d cosh? (11 /2) + 2

with 7y = t;41461. Thus tr pd; is real if and only if cosh? 4 isreal. Since 01 # 0, £,
we must have ¢t; = 0. By Proposition tr pB is real if

(13) cos(f1/2) sin(02/2)(V1, ea) + sin(61/2) cos(62/2){e1, Va) = 0.
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We observe that, if t = 0, then either (V7,es) and (e1, Vo) are both equal to zero,
or have the same (strict) sign. On the other hand, cos ‘%1 sin ‘%2 and sin ‘%1 cos ‘%2 are
both greater than or equal to zero and do not both vanish. Therefore, ([I3]) holds if
and only if (V4,ea) = (e1, V2) = 0, which is equivalent to ¢t; = t2 = 0. The converse

is immediate from the formulae for tr pS, tr pd;. O

Denote by Hg, s, the purely hyperbolic locus, which, by the previous lemma, is
the subset

thal :{pEW Tt =1to :0,|t1‘pﬁ1| > 2,|tI‘p51| >2}.

For fixed values of [1,l2, this is a subset of the plane parametrised by 61, 605. It is
foliated by the curves o. defined by tan(f2/2) = ctan(f;/2), for ¢ € RT. These
curves are analogous to the a-lines we used in the previous example. (See Figure
9: Hg, s, is the first quadrant and o, the dotted lines.)

Lemma 5.18. Hg, s, is connected. More precisely, for fized l1,lo and for each
¢ >0, Hp, 5, Noe has one connected component, whose closure contains the point
(lla 127 Oa 0)

Proof. We study the functions tr i, tr§; along the curves o.. The formulae are
tré; = —4sinh?(ly/2)sinh?dcos?(61/2) + 2,
trf1 = 2coshdcos(61/2)cos(f2/2) — 2sin(f/2) sin(02/2).

From the formula, trd; is increasing as #; moves in the interval [0, 7], and the
maximum value is 2 (recall that trd; < —2 at 6; = 0). Since ¢ > 0, 02 is increasing
with 61; then tr[; is decreasing in the same interval, and the minimum value is
—2. Thus, the result follows. O

Proposition 5.19. Let p € Hg, 5,, and let 03, , 05, be the bending angles of Plg, 5, .
Then:

(a) 05, = 0 if and only if tan (62/2) = %tan (01/2); 05, # +m,

(b) 5, #0,£m.

Proof. (a) Since |trpd1| > 2, if the angle 65, is 0 or £, then the two flat pieces
meeting along the axis of pd; are coplanar, so that Plg, 5, is only bent along the
axis of pf; and its images under the group. Then the group I'g, = p(m1(S — 51))
obtained by cutting the surface along 3; leaves a plane invariant. In particular, pfs
leaves this plane invariant, since the curve s is contained in S — 31, and therefore
its trace is either real or purely imaginary (in the latter case, pfs is loxodromic
with rotation angle equal to ).
By Proposition B.2] the condition for the trace to be purely imaginary is

cos(01/2) cos(f2/2)(V{, V) — sin(61/2) sin(62/2){e], e5) = 0.

Since t; = t2 = 0, the four points V;, V/ are the four finite vertices of one of
the hexagons shown in Figure 2 with alternate sides l1/2,15/2,0. In particular,
(el,e5) = 1, while (V{,V3) is always strictly negative, and therefore the above
equation does not have any solution for 6, € (0,7), 62 € (0,7). Thus tr pfz must
be real and, by Proposition[3:2] we have

JPe el VE) 6 s 6

= — tan — = tan —.

t
& 2 <V1,, 6/2> 2 sinh Ly 2




654 RAQUEL DIAZ AND CAROLINE SERIES

(The last equality derives from the trigonometric relations for (V,e) = —sinh g
and (e}, Vy) = sinh gy in terms of I1,ls, where g; is the distance in the hexagon
from V/ to its opposite infinite side.) Thus, if 85, = 0 or £, p satisfies the equation
in the statement.

On the other hand, if p satisfies this equation, tr pfs is real, so that the following
elements of I'3, have real trace: pg;, pd;, pw; for i = 1,2, where w;,ws are loops in
S — (1 around the punctures (the formula for trpds is obtained in the same way
as for 01, and is real because to = 0). Then, by Lemma below, I'g, is Fuchsian
and hence 65, = 0.

(b) As before, if 03, = 0,£7m and |trpfi| > 2, the two flat pieces of Plg, s,
meeting along the axis of pf; are coplanar. Consider the group I's, = p(71(S1)),
where S; is the component of genus one of S — §;. This group is generated by
pag, pBr. If 3, = 0, then I's, is Fuchsian, and tr p(31az) is real. From Theorem B.1]
we get

tr p(ﬂlag) = tr (TLI(Zpl)TM(d)TLl (12 + Z@Q)TM(d)) s

and from Proposition [3-2] this trace is real if and only if
cos(61/2) sin(02/2){V1(0), e2(l2)) + sin(h1 /2) cos(62/2)(e1(0), Va(l2)) = 0.

Now (e1(0), Va(l2)) = —sinh (I3/2) and (V1(0), ea(l2)) = —sinh hy, where h; is the
distance from V; to the opposite side. So the previous equation does not have any
solution with 6; € (0,7),02 € (0,7), and we get a contradiction.

It is left to prove that 63, cannot be equal to £7. To see it, we first look at
the pleated surface Plg, 5, when the angle 6, is smaller than w. Let Fy, F> be the
two flat pieces meeting at the axis of p3;. One of these flat pieces, for instance F,
also contains the axis of p(a; ' B1as) and the other contains the axis of p(azB1a5 *).
Let us denote these three axes by L, L~, LT, respectively. The flat pieces have the
“same” orientation on Plg, 5,, meaning that, assuming Fj is to the right of L™,
then F} is to the left of L, and Fy is to the right of L and to the left of LT. Now
the element pas, which is purely hyperbolic, maps L~ onto L, and the flat piece of
Plg, 5, to its right (that is, F) onto the flat piece to the right of L (that is, F5).

If 65, = £, then Plg, 5, is folded along L, so that F} and F5 are superposed.
Hence, in this case pas leaves invariant the plane P containing L~ and L, and
maps the halfplane to the right of L™ to the halfplane to the left of L. But this
implies that pas reverses orientation on P, which is impossible because it is purely
hyperbolic. ]

We now prove Lemma [520] used in the previous proposition, which is based on
the following result by Horowitz [§]: if a group G C PSL(2,C) is generated by
A,B,C and tr A, tr B, trC, tr AB, tr AC, tr BC, tr ABC are real, then the trace
of any element of G is real (and hence G is Fuchsian).

Lemma 5.20. Let I'g, be the group defined in the proof of Proposition[5.IXb), and
suppose that the traces of pB;, pdi, pw; are real, for i =1,2. Then I'g, is Fuchsian.

Proof. With the notation for the fundamental group of S given in Section 3, the
group T'g, is generated by A = pB1, B = pwi, and C = p(aifia; ), with w; =
alagl a loop around a puncture. Using the fact that trpg;, tr pd;, tr pw; are real
and the usual trace relations, one can check that the traces of AB, AC, BC' and
ABC are all real. By Horowitz’ result, I'g, is Fuchsian. ]
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Remark. Note that in our first example, Py, a,:8,,3,, the question about the bending
angles 0, being 0 or =7 was sorted out more quickly because of the symmetry
between {1, as} and {1, 82} (see Proposition [5).

We finally obtain the complete description of Py, ;8,5 -

Theorem 5.21. The pleating variety P, ay:8:,6, 1S the subset of points (I1+ip1,
lo +ipa, t1 + 101, ta + i02) salisfying

(14) 1 =2 =0,
15 0<91,92<7‘1’7
16 ty =ty =0,

17 tan (62/2) < sinh (11 /2)(sinh (I2/2)) " tan (6, /2),
{coshdcos(@l/Z) cos(f2/2) — sin(f1 /2) sin(02/2) > 1,

(
(
(
( 2sinh 2(l5/2) sinh 2d cos?(0; /2) > 1.

)
)
)
18)

Proof. In view of Lemmas G171 and Proposition [5.19 we only need to study
the condition that the angles 63,05, have the same sign. The curve o, with
¢o = sinh (11 /2)/sinh (I3/2) divides the hyperbolic locus Hg, 5, into two connected
components; by Proposition (.19} in each component the signs of g, and 65, are
constant. We can find these signs either by direct computation at some point in each
region, or by appealing to Lemma To do this, take a curve o, with ¢ > 0 and
¢ # ¢p. Along o, the traces of pay, pas, pPi1, pd1 are real and, as we approach F, the
limiting ratio 04, /0, is c. By the lemma, the limits by = lim (03, /(|03,] + |05, 1)),
dy = lim (65, / (103, | + 165,1)) and k = lim (|65, | + 165,])/ (|0, | + [, |)) exist and,
atp=o.NF:

(1—1|—c)87il I+ (1—?—0)822 |p_k<b1%|p+d1%|p)'

Now the plane in Figure 6 is the linear span of the tangent vectors %M,, %M,
aq ag

S F) ) .

(which is the same as the span of the vectors m| s m| p). From this figure we see
. . s . . 1 9 c 0 .

that, if ¢ is large, then the positive combination 1_+CW|” + 1—+CW|,, is close to

Bty |, and therefore is equal to a linear combination of Do Ips Bt5 |, with coefficients

of different signs. On the other hand, if ¢ is small, then ﬁ%b + ﬁ%h} is
aq ag

. . . 9 . . e . . 9 )
close in direction to Bl |, and is opposite to a positive combination of Btsr Ips Bts, |p-

Therefore, 83, ,0s, have the same sign in the region foliated by o, with ¢ < ¢g; thus
we have (). O

Neighbouring pleating varieties. Similar methods may be used to study other pleat-
ing varieties which also meet F in the plane II = {t; = t2 = 0}. Let II¢ be the
set of points (I3 + ip1, lo + ipa, t1 + 901, ta + i02) € R satisfying o1 = po =
0, 01, 02 € (—m,7) and ¢; = to = 0. Thus II¢ extends II into QF. If p € Ilg,
then paq, pasg, pf1, pd1, pda all have real trace (the formula for trpds is analogous
to that for trpdy). Since {a1,as}, {az,01}, {a1,d2}, {H1,01}, {F1,02} are pants
decompositions of S, we have the following p-invariant pleated surfaces, whenever
p is in the purely hyperbolic locus of the corresponding curves:

Plﬂ’laoQ ) P1a2751 ’ P1&1,527 P1[31751 ) P151,52'
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R.invPs 5 _ - -
10776, a;8,6, Rl P =,

177277271
R5-7)ﬁ|,5 a0

27271

FIGURE 9. Pleating varieties meeting at p € II. The picture shows
the intersection of Il¢ with the locus of a fixed pair of values for

l,1ls.

A necessary condition for the pleating variety P4 s to be non-empty is that the
pants decompositions A and B fill up the surface. Thus, using the above pairs of
curves, we can study the pleating varieties

’Pal,a2§61,62 ) Pal7042;,31,51 s Po ,02;581,01 Pa1,52;!12,51 ) ’P,31,52;a2,517

together with their common boundaries Py, ay:8:5 Pay:81,615 Pai,d2:615 Péaias,s:, and
so on. Moreover, interchanging the bending lines on the two sides, we also have
PB1,65:01,00 and so on. The plane IIc N QF is exactly the union of all these pleating
varieties, as illustrated in Figure 9.

To verify this picture, we begin by studying the common boundary between
two of the above pleating varieties, obtained when suitable bending angles vanish.
For example, the common boundary of Pa, a,:8,6:, a0d Pa; as:81,6: 1S Pay,asibis
obtained when the bending angle 65, of Plg, 5, is equal to zero, or equivalently when
the bending angle 85, of Plg, 5, is zero. By Proposition[bTd] this condition gives the
curve o, defined by tan(f2/2) = co tan(f;/2), with ¢ = sinh (I3 /2)(sinh(l2/2)) L.
Proceeding in the same way as in Proposition 019, we obtain that Pq, s,:5, N Ilc
is contained in the curve o, , with ¢; = —coshd, and Ps,,qa,,s, NIl is contained in
the curve o,, with co = —(coshd)~*.

The curves o, 0¢, , 0c, and the two coordinate axes 61 = 0, 02 = 0 partition Il
into ten connected regions, each containing the intersection of II¢z with one of the
above pleating varieties. Each pleating variety is itself a connected region whose
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outer boundary (not shown in the figure) consists entirely of cusp groups in which
at least one of the bending lines 31,1 or s is parabolic. We have already verified
this for Pu, a.:8:,5:, and the details for the rest can be worked out in a similar way.
The details for P, a,:8,,5, are almost identical, but the others require some more
work which we leave to the untiring reader to explore

Non-singularity.

Theorem 5.22. The length functions (Aa; (@), Aas (9), Ag, (@), A, (q)) are local holo-
morphic coordinates for QF in a neighbourhood of Pa, aq:p:,5: -

Proof. We have to prove that the map

v qr— ()\(yl (q); /\ag (q)a Aﬁl (q)a A(51 (q))

is invertible in a neighbourhood of each point in Pu, ay:8,,5, - Since i(ag,d1) = 0,

the bottom right entry in the Jacobian matrix of ¥ vanishes, and we therefore have

. R oA
only to show that neither 772+ nor z-*
Tag Tay

vanishes. The first of these two expressions

is non-zero as in the case of Py, ay:8,,8, (since i(az, 51) # 0), and the second is
easily verified using the explicit formula for trd; in Lemma [ET74. O

ACKNOWLEDGMENTS

Most of this work was done during various visits of the first author to the Uni-
versity of Warwick with grants from TMR Programme, Nr. ERB4001GT973983,
and SEUID-Royal Society, RS1997 0051376235. Partial support for the first author
has been also provided by DGICYT grants PB96-0659 and BFM2000-0621. The
second author is grateful for the support of her EPSRC Senior Research Fellowship.
We thank Yohei Komori for his careful reading of this paper.

REFERENCES

[1] F. Bonahon and J-P. Otal. Laminations mesurées de plissage des variétés hyperboliques de
dimension 3, preprint, 2001.

[2] R.D. Canary, D. B. A. Epstein and P. Green. Notes on notes of Thurston. In D. B. A. Epstein,
editor, “Analytical and Geometric Aspects of Hyperbolic Space”, LMS Lecture Notes 111,
3-92. Cambridge University Press, 1987. MR 8Ye:57008

[3] R. Diaz and C. Series. Limits of lines of minima in Thurston’s boundary of Teichmiiller
space, Algebraic and Geometric Topology 3, 207-234, 2003.

[4] D. B. A. Epstein and A. Marden. Convez hulls in hyperbolic space, a theorem of Sullivan, and
measured pleated surfaces. In D. B. A. Epstein, editor, “Analytical and Geometric Aspects
of Hyperbolic Space”, LMS Lecture Notes 111, 112-253. Cambridge University Press, 1987.
MR 89¢:52014

[5] A. Fahti, P. Laudenbach, and V. Poénaru. Travauz de Thurston sur les surfaces, Astérisque
66-67. Société Mathématique de France, 1979. MR 82m:57003

[6] F. Gardiner and L. Keen. Holomorphic motions and quasi-Fuchsian manifolds, Contemp.
Math. 240, 159-173, 1999. MR 2000k:30023

[7] P.A. Griffiths and J. Harris. Principles of Algebraic geometry. Wiley, 1978. MR [80b:14001

[8] R.D. Horowitz. Characters of free groups represented in the two dimensional special linear
group, Comm. Pure Appl. Math. 25, 635-649, 1972. MR [47:3542

[9] L. Keen and C. Series. Pleating coordinates for the Maskit embedding of the Teichmiiller
space of punctured tori, Topology 32, 719-749, 1993. MR 95g:32030

2For example, in the case of Py, s5,,3,,5,, We have assumed from the outset that the tr az € R,
without proving that this follows automatically from the condition that the other four traces
are real. Thus our method has located a region of Il¢c contained in Pgu, s,:8,,5,, but has not
demonstrated that this region is the entire pleating variety.


http://www.ams.org/mathscinet-getitem?mr=89e:57008
http://www.ams.org/mathscinet-getitem?mr=89c:52014
http://www.ams.org/mathscinet-getitem?mr=82m:57003
http://www.ams.org/mathscinet-getitem?mr=2000k:30023
http://www.ams.org/mathscinet-getitem?mr=80b:14001
http://www.ams.org/mathscinet-getitem?mr=47:3542
http://www.ams.org/mathscinet-getitem?mr=95g:32030

658

RAQUEL DIAZ AND CAROLINE SERIES

[10] L. Keen and C. Series. Continuity of convez hull boundaries, Pacific J. Math. 168(1), 183—206,

1995. MR 196d:30055

[11] L. Keen and C. Series. How to bend pairs of punctured tori. In J. Dodziuk and L. Keen,

editors, “Lipa’s Legacy”, Contemp. Math. 211, 359-388, 1997. MR [98m:30063

[12] L. Keen and C. Series. Pleating invariants for punctured torus groups, Topology, 2003.
[13] L. Keen and C. Series. The Riley slice of Schottky space, Proceedings of the London Mathe-

matical Society 3, 72-90, 1994. MR |95j:32033

[14] S. Kerckhoff. The Nielsen realization problem, Ann. of Math. 117, 235-265, 1983. MR

85e:32029

[15] S. Kerckhoff. Lines of Minima in Teichmiller space, Duke Math J. 65, 187-213, 1992. MR

93b:32027

[16] Y. Komori and C. Series. Pleating coordinates for the Earle embedding, Ann. de la Fac. des

Sciences de Toulouse, Vol. X, 69-105, 2001.

[17] C. Kourouniotis, Complez length coordinates for quasi-Fuchsian groups, Mathematika 41(1),

173-188, 1994. MR 96g:30079

[18] I. Kra. On lifting Kleinian groups to SL(2,C). In: “Differential Geometry and Complex

Analysis”, I. Chavel and H. Farkas, editors, 181-193. Springer-Verlag, 1985. MR [86h:30078

[19] C. Series. Lectures on pleating coordinates for once punctured tori, In Hyperbolic Spaces and

Related topics, RIMS Kokyuroku 1104, Kyoto, 30-108, 1999. MR 2000m:57019

[20] C. Series. On Kerckhoff Minima and Pleating Loci for quasi-Fuchsian Groups, Geometriae

Dedicata 88, 211-237, 2001. MR 2002j:30066

[21] C. Series, Limits of quasifuchsian groups with small bending, preprint 2002.

arXiv:mathGT /0209190

[22] S. P. Tan, Complex Fenchel-Nielsen coordinates for quasi-Fuchsian structures, International

J. Math. 5(2), 239-251, 1994. MR [94m:32030

[23] W. Thurston. Earthquakes in two-dimensional hyperbolic geometry. In D. B. A. Epstein,

editor, “Low-dimensional Topology and Kleinian Groups”, LMS Lecture Notes 112, 91-112.
Cambridge University Press, 1987. MR [88m:57015

[24] W. Thurston. Three-dimensional Geometry and Topology, Vol.1. Princeton U.P., 1997. MR

97m:57016

DEPARTAMENTO DE GEOMETRIA Y TOPOLOGIA, FACULTAD MATEMATICAS, UNIVERSIDAD COM-

PLUTENSE, 28040 MADRID, SPAIN

E-mail address: radiaz@mat.ucm.es

MATHEMATICS INSTITUTE, UNIVERSITY OF WARWICK, COVENTRY CV4 7TAL, UNITED KINGDOM
E-mail address: cms@maths.warwick.ac.uk


http://www.ams.org/mathscinet-getitem?mr=96d:30055
http://www.ams.org/mathscinet-getitem?mr=98m:30063
http://www.ams.org/mathscinet-getitem?mr=95j:32033
http://www.ams.org/mathscinet-getitem?mr=85e:32029
http://www.ams.org/mathscinet-getitem?mr=93b:32027
http://www.ams.org/mathscinet-getitem?mr=96g:30079
http://www.ams.org/mathscinet-getitem?mr=86h:30078
http://www.ams.org/mathscinet-getitem?mr=2000m:57019
http://www.ams.org/mathscinet-getitem?mr=2002j:30066
http://www.ams.org/mathscinet-getitem?mr=94m:32030
http://www.ams.org/mathscinet-getitem?mr=88m:57015
http://www.ams.org/mathscinet-getitem?mr=97m:57016

	1. Introduction
	2. Background
	2.1. Hyperbolic geometry and Kleinian groups
	2.2. Teichmüller space and quasi-Fuchsian space
	2.3. Fenchel-Nielsen coordinates

	3. Representation
	Change of Fenchel-Nielsen coordinates
	3.1. Some formulae

	4. Simplices of minima
	4.1. Kerckhoff's theory
	4.2. Example 1: The simplex 1, 2;1,2
	4.3. Subsimplices of 1, 2;1,2
	4.4. Example 2: The simplex 1,2; 1,1

	5. Examples of pleating varieties
	5.1. General results
	5.2. Example 1: The pleating variety  P1,2;1,2
	5.3. Subpleating varieties of P1,2;1,2
	5.4. Example 2: The pleating variety  P1,2;1,2

	Acknowledgments
	References

